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Part 1

Mathematical Background

In this part, we provide a brief review of the mathematical background that will be used
in the remainder of this monograph. This part assumes basic knowledge of the readers, and it
aims to present well-known or relatively well-known results in a way that will be particularly
useful for our subsequent discussions.

High-dimensional Equivalent

Definition 1.1 (High-dimensional Equivalent). Let ¢(X) be a nonlinear model of a
random matriz X € RP*"and let f(¢(X)) be a 1-Lipschitz scalar observation map with
entrywise ¢: RPX™ — RPX™ and observation map f: RP*™ — R. We say that X, (which
can be deterministic or random) is a High-dimensional Equivalent of ¢(X) with respect
to f(-) if, with probability at least 1 — §(p,n) we have that

[f(6(X)) = F(Xg)| < e(n,p), (L.1)

for some non-negative functions e(n,p) and 6(n,p) that decrease to zero as n,p — 0.

We denote the relation in (L.1]) as

$(X) & X, (1.2)

Analyze and Optimize Large-scale ML model ¢(X, ©)

Objective: Evaluation of ¢(X, ®) via Performance Metric f(+)

Technical Challenge 1 Key Idea 1

High-dimensionality in X, ® Concentration of f(¢(X,0)) ~ E[f(¢(X, O))]
Technical Challenge 2 Key Idea 2

Analysis of Eigen-functional Deterministic Equivalent for Resolvent
Technical Challenge 3 Key Idea 3

Non-linearity in ML model High-dimensional linearization of ¢(X, ©)

Figure 1.1: Flow diagram of the proposed RMT-based analysis framework for large-scale ML
models.
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Chapter 1

Basic probability: Random scalars
and random vectors

In this chapter, we briefly review some basic probability results to be used throughout the
monograph. In Chapter we recall the definition of moment and tail of a scalar random
variable, as well as the definition of the class of sub-gaussian and sub-exponential distributions.
In Chapter we consider the sample mean of a collection of independent random variables,
and we review its asymptotic characterization via the law of large numbers (LLN) and the central
limit theorem (CLT). In Chapter we view the sample mean as a linear scalar observation
f(x) =x"1,/n of alarge random vector x € R™, and we establish non-asymptotic concentration
results on f(x). In Chapter we extend the concentration results on linear scalar observations
(of x € R™) to Lipschitz and even certain non-Lipschitz observations. Finally, in Chapter we
give a preview of how similar concentration behaviors will extend to large-dimensional random
matrices.

1.1 Scalar random variables: moments and tails

Let us start with a scalar random variable. Given a scalar random variable x € R, one can
characterize its behavior via its distribution/law. Equivalently, one can characterize its behavior
via its successive moments (when they are well defined) or its moment generating function
(MGF). In particular, the MGF, and/or the successive moments of a random variable z, as well
as whether or not it satisfies the sub-gaussian or the sub-exponential property, provide different
ways to characterize (the properties of) the law/distribution of x.

The definition of these concepts, as well as their connections, are given as follows.

Definition 1.1 (Moments and moment generating function, MGF'). For a scalar random
variable x defined on some probability space (2, F,P), we denote

1. Elz] the expectation of z;

2. Var[z] = E[(x — E[z])?] = E[2?] — (E[x])? the variance of x;

3. for p >0, E[zP] the p!" moment of x;

4. for p >0, E[|z|P] the p'* absolute moment of x; and

5. for N € R, My()\) = E[eM] = > o0 %E[aﬂ’] the moment generating function (MGF) of x.

The p'* (absolute) moment of a scalar random variable z can be written as an integral of
the tail of that random variable, as follows. The tail is of interest since it provides a character-
ization of the probability that the random variable x differs from a deterministic value (e.g., its
expectation, or zero in the case of Lemma below) by more than a certain amount ¢ > 0.

4



74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

1.1. SCALAR RANDOM VARIABLES: MOMENTS AND TAILS 5

Lemma 1.2 (Moments versus tails). For a scalar random variable x and fized p > 0, we
have

E[j2]?] = /Oooptp_ll[”ﬂx] > 1) dt, (1.1)
as long as the right-hand side term is finite; and
P (x| > t) < exp(=At) My (N), t,A>0, (1.2)
with M, |(A\) the MGF of |z| that is assumed finite.
Proof of Lemma[I.2. To prove Equation , note that for |z|P > 0, we have

o o oo o
E[|zP] = E/ Ligjapdt = E/ Ly<|opt?~'dt = / PP [y )dt = / pt?'P(|X| > t)dt.
0 0 0 0

The proof of Equation (|1.2)) follows, for A > 0, directly from the Markov’s inequality, as

Elexp(Alz|)]

P(jal 2 t) =P (exp(Mel) 2 exp(M)) < = s

= exp(—/\t)Mm (/\)

O

Equation is known as the (exponential) Markov’s inequality.

As a consequence of Lemma bounding the tail decay P (|z| > t) is equivalent to con-
trolling the (successive) moments of the random variable x. In particular, consider a random
variable z such that E[z] = p and Var[z] = o2. In this case, we have

P(lz — p| >to) <t 2, t>0 1.3
ILL ) 9

which is known as the Chebyshev’s inequality.

Equation permits us to state that a random variable lies within some range, with some
probability. In particular, if we allow for some failure probability § € (0, 1), then it follows from
Equation that, with probability at least 1 — §, the random x must lie within the range

x€u—o/Vo,u+a/Vil (1.4)

Of course, this result may or may not be useful. For example, depending on § and o, the size
of this interval can be large with respect to size of p (for p ~ o and 6 = 1/2, say).

In what follows, we will be particularly interested in the family of sub-gaussian and sub-
exponential random variables, i.e., those having tails akin to standard Gaussian and exponential
random variables, respectively. Here is the definition of the sub-gaussian distribution.

Sub-gaussian distribution

Definition 1.3 (Sub-gaussian distribution). For a standard Gaussian random vari-
able © ~ N(0,1), we have that the law of x is given by the Gaussian measure u(dt) =

\/%exp(—tQ/Q), so that

P(z > X) = p([X, 00)) = \/12? /XOO exp(—t2/2) dt < exp(—X2/2).  (L5)

We say y is a sub-gaussian random variable if it has a tail that decays as fast as standard
Gaussian random variables, that is

P (lyl > t) < exp(~t*/0%), (1.6)

for some onr > 0 (known as the sub-gaussian norm of y) for all t > 0.
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6 CHAPTER 1. BASIC PROBABILITY: RANDOM SCALARS AND RANDOM VECTORS

A closely related family is the sub-exponential distribution.

Sub-exponential distribution

Definition 1.4 (Sub-exponential distribution). For an exponential random variable
x ~ Exp(A) of parameter A > 0, we have that the law of x is given, for X >0, by

P(z > X) = A / ~ exp(— M) dt = exp(—AX), (1.7)
X

and 1 for X < 0. We say y is a sub-exponential random variable if it has a tail that
decays as fast as exponential random variables, that is

P(ly| = t) < exp(—t/on). (1.8)

for some onr > 0 (known as the sub-exponential norm of y) for all t > 0.

Clearly, a sub-exponential random variable is somewhat more heavy-tailed than a sub-gaussian
random variable, in the sense that it has more probability mass far out in the tail.

We can compare the sub-gaussian tail in Definition with the tail bound in Equation
(which we recall relies only on the assumption of bounded variance): for a sub-gaussian random
variable x of mean p = E[z] and sub-gaussian norm os, one has that

P (| — p| > toy) < exp(—t?), (1.9)

for all £ > 0. From this, we see that the sub-gaussian norm o of x acts as a scale parameter
(that is similar, in spirit, to the variance parameter of Gaussian distribution).

Remark 1.5 (Concentration of scalar random variables around their means). Clearly,
Equation characterizes a much stronger concentration behavior than Equation . Re-
latedly, Equation can also be used to state that a random variable lies within some range,
with some probability: with probability at least 1 — J, one has

x € [p—onvIn(1/8), p+ ox/In(1/6)]. (1.10)

In this case, Equation ([1.10)) provides much stronger control on the location of x than Equa-
tion (|1.4). See Figure for an illustration of this “concentration around means” behavior of
sub-gaussian random variables.

We note, however, that even under this much stronger control of sub-gaussianity, a “tradeoft”
exists in Equation (and, of course, also in the weaker form in Equation ) between the
confidence and the range of the random z: increasing the confidence of the estimate (by taking
smaller 0) will lead to fluctuation on a larger interval. Due to this tradeoff, the scale of the width
of the interval need not be small, compared to the mean; and thus it is a priori inappropriate
to say that the value of the random x can be well approximated by any deterministic value,
e.g., its expectation u = E[z].

As a concrete example, taking § = 0.01 and o = p, it follows from Equation that the
sub-gaussian random z is within the interval [—3.6u,4.6p] with confidence 0.99. This is much
stronger than Equation , but may still not be satisfactory in scenarios that are extremely
sensitive to approximation errors.

Remark 1.6 (Sub-gaussian and sub-exponential random vectors). The idea in Defini-
tion [I.3] and Definition extends to random vectors. In particular, we say that

1. a random vector x € R" is sub-gaussian if its one dimensional marginals x"y are, for all
y € R™ of unit norm ||y|| = 1, sub-gaussian random variables, that is, P(|x"y| > t) <
exp(—t2/C2) for all t > 0 and some C,, > 0, where that C,, may depend on the dimension
n; and
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1.2. A COLLECTION OF SCALAR RANDOM VARIABLES: FROM LLN TO CLT 7

2. a random vector x € R" is sub-exponential if its one dimensional marginals x'y are, for
all y € R” of unit norm |y|| = 1, sub-exponential random variables, that is, P(|x"y| >
t) < exp(—t/C,) for all t > 0 and some (possibly dimension-dependent) C;, > 0.

We refer the interested readers to [36, Section 3.4] for discussions on sub-gaussian and sub-
exponential random vectors. In what follows, we will not be particularly interested in this
perspective on random vectors.

1.2 A collection of scalar random variables: from LLN to CLT

Many textbooks on statistics and/or data science start with the (asymptotic) study of sums of
independent variables, and in particular with the law of large numbers (LLN) and the central
limit theorem (CLT). These will be discussed in this section.

For a collection of independent and identically distributed (i.i.d.)E] random variables x1, ..., z,
of mean x4 and variance o2, we have, by independence, that

1 & 1 & o2
Var [=S 2| = = S Varlz] = 2 1.11
ar n;x] n2; ar|x;] - ( )

That is, the variance of the sample mean %ZLI x; is n times smaller than that of each com-
ponent; and, in particular, it vanishes as n — oo (as long as 02 does not scale with n). This
indicates that for n large, the (random) sample mean strongly concentrates around its expecta-
tion w, and thus that it is meaningful to say that the random variable can be approximated by
a deterministic quantity. This is in sharp contrast to, e.g., the standard sub-gaussian concen-
tration in Equation for which the variance or sub-gaussian norm is independent of n.

A formal asymptotic characterization of this concentration behavior is given by the law of
large numbers (LNN), given as follows.

Theorem 1.7 (Weak and strong law of large numbers, LLN). For a sequence of
i.i.d. random variables x1,. .., x, with finite expectation Elx;| = p < oo, we have

1. the sample mean %Z?:l x; — p in probability as n — oo, that is, for any t > 0,

. BN
nlgngoﬂm(n&i—ﬂ
1=

known as the weak law of large numbers (WLLN); and

> t) =0, (1.12)

2. the sample mean + Yoy @i — p almost surely as n — oo, that is

n
1 n
P (nlirgon lez = u) =1, (1.13)
1=

known as the strong law of large numbers (SLLN).

The strong law of large numbers is technically stronger than the weak law (in characterizing a
faster growth rate of the success probability to one as n grows), but the intuition remains the

'Note that for the LLN and CLT here, the i.i.d. assumption plays a central role and allows for a large “degrees
of freedom” in the large collection of random variables x1,...,%,. The i.i.d. assumption can be relaxed to
independent, however at the cost of some additional control on the higher-order moments, e.g., with Lyapunov’s
CLT, see [4, Theorem 27.3]. As we shall see later in Chapter similar results hold for random matrices.
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8CHAPTER 1. BASIC PROBABILITY: RANDOM SCALARS AND RANDOM VECTORS

same. Theorem provides asymptotic characterization of what can be called the first-order

1

and close-to-deterministic behavior of the sample mean = »""" | ;.

n

The next result, the well-known central limit theorem (CLT), goes one step further by
characterizing the limiting behavior of the second-order random fluctuation of the properly
scaled sample mean around its expectation .

Theorem 1.8 (Central limit theorem, CLT). For a sequence of i.i.d. random vari-
ables 1, ..., x, with E[z;] = u and Var[z;] = 02, we have, for every t € R that

L N~ BRI Ay
P(ﬁ/ﬁ;(% u)zt>%m/t 2d (1.14)

as n — oo. That is, as n — oo, the random variable ﬁ Yo (zi —p) — N(0,1) in
distribution.

The asymptotic concentration properties of the LLN and CLT can be viewed in a unified
way, as we describe in the following remark.

Remark 1.9 (Concentration of sample mean of a collection of random vari-
ables: asymptotic characterization). The results of the LLN and the CLT in Theo-
rem [I.7] and Theorem [I.8] respectively, can be compactly written as

1 n
75 zi~ p +N(0,1) 0/vn, (1.15)
n “ ~ —.—

=1 o(1) O(n—1/2)

as n — oo, for p, o both of order O(1). Equation (|1.15)) makes explicit both the first order
and second order behavior of the sample mean of a sequence of i.i.d. random variables
T1,..., Ty, with E[z;] = g and Var[z;] = 02, as:
1. in the first order (of magnitude O(1)), it has an asymptotically deterministic be-
havior around the expectation u; and

2. in the second order (of magnitude O(n~1/2)), it strongly concentrates around this
deterministic quantity with a universal Gaussian fluctuation, regardless of the dis-
tribution of the component of x;.

We will see that this behavior occurs well beyond the sum of i.i.d. random variables.

1.3 Concentration of random vectors and their scalar observa-

tions

We move on to discuss the concentration properties of random vectors. These have important
connections with the results on a collection of random variables in Chapter and they will lay
the foundations for similar results on random matrices later in Chapter [6] Consider a random
vector x € R™ having i.i.d. entries, that is x = [z, .
choose E[z;] = p, and Var|z;] = o fori € {1,...,n}.
We should first define what we mean by “concentration” for a random vector x € R™. In
the following observation, we show that (perhaps rather surprisingly) random vectors do not
“concentrate” around their means, if we consider the vectors themselves.

.., 2,]7. Without loss of generality, we can
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1.3. CONCENTRATION OF RANDOM VECTORS AND THEIR SCALAR OBSERVATIONS9

x [yll2 = v/n

04
£
I~
—
)
S 02}
.2
s
. I
| |
-3 0 3
(a) “Concentration” around the mean for one-  (b) “Non-concentration” around the mean for
dimensional random vectors multi-dimensional random vectors

Figure 1.1:  Visualization of the “concentration” (Figure [l.1a) versus “non-concentration”
(Figure|l.1]) around the mean behavior for one- versus multi-dimensional random vectors x,y €
R™ in XX and Observation respectively.

Observation 1.10 (Random vectors do not “concentrate” around their means). For
two independent random vectors x,y € R, having i.i.d. entries with zero mean and unit variance
(that is, . = 0 and o = 1), we have that

E[|x - 0|j3] = Elx"x] = tr(E[xx"]) = n, (1.16)
and further by independence that
Ellx —y[3] =Ex"x+y'y] = 2n. (1.17)

This means that the origin (which is also the mean of x in this case) is always, in expectation,
at the midpoint of two independent draws of random vectors in R™. The statement easily
generalizes to the case of nonzero mean with E[x]| # 0, and it allows us to conclude that any
random vector x € R™ with n large is not close to its mean. More generally, it can be shown
that the random vector x does not itself “concentrate” around any n-dimensional deterministic
vector in any traditional sense. This large-dimensional counterintuitive “non-concentration”
behavior is visualized in Figure

In spite of this, from the LLN and CLT in Theorem and Theorem [1.8] one expects that
some types of “observations” or “measurements” of x € R" (e.g., averages over all the entries
of x, to retrieve the sample mean), must concentrate in some sense, at least as n — oo. In

the following, we can “interpret” the sample mean as a “linear scalar observation” of a vector
x € R™.

Remark 1.11 (Sample mean as a linear scalar observation). Let x € R" be a
random wvector having i.i.d. entries, then the sample mean of the entries of x can be
rewritten as the following linear scalar observation f: R™ — R of x, defined as

FO) = 1Tx/n= 3w, or ()= 110)/n. (1.13)

Importantly, while the result of Observation [I.10[shows that a given random vector x € R™ does
not itself concentrate/converge in any meaningful sense, Remark shows that, when observed
via “linear queries” or scalar observations, it does concentrate/converge, in this weaker (“scalar
observation”) sense.
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Table 1.1: Different types of characterizations of the linear scalar observation f(x) = x'1,/n

for x € R", having i.i.d. entries with mean E[z;] = p and variance o2 or sub-gaussian norm o .
First-order behavior Second-order behavior
, fx) = n LE(f(x) = p) = N(0,1) in law
Asymptotic

LLN in Theorem CLT in Theorem

Non-asymptotic E _ P(|f(x) — p| > to/\/n) < t72

under finite variance &) =n :
in Theorem [1.12
Non-asymptotic P(|f(x) = p| > ton/v/n) < eXP(*Cﬁ)
oy E[f(x)] = p

under sub-gaussianity in Theorem |1.13

Let’s be clear about what we have done. The quantity %E?:l x; can be viewed in one of
two complementary ways: as the empirical mean of n instantiations of a scalar random variable,
providing a meaningful way to quantify how that the empirical mean may concentrate about
its population mean; and as a “scalar observation” of a single instantiation of a random vector,
which by Observation does not concentrate about its mean.

Asymptotic characterization of concentration of linear scalar observations. An
asymptotic characterization of this concentration behavior for random vectors is given in Equa-

tion ([1.15)) of Remark and it is illustrated in Figure

Non-asymptotic characterization of concentration of linear scalar observations. We
now provide non-asymptotic characterizations of the concentration behavior of the linear scalar
observation f(x) in Remark under two different assumptions on the behavior of the tail
of the (entries of the) random vector x. To do so, we consider two cases: that the entries of x

1. are only assumed to have finite variance o2 (but nothing is assumed about its tail behavior
or higher-order moments); and

2. have sub-gaussian tails with sub-gaussian norm ous.

The results are summarized in Table [[LIl We now describe them in more detail.

Non-asymptotic analysis of f(x) under finite variance. Let us compute the expectation
and variance of the linear scalar observation f(x) = 1}x/n of x € R", for x having i.i.d. entries
with E[z;] = p and Var[z;] = 0%

B[f(2)] = ElxLu/n] = -
Var[x"1,/n] = 1JE[(x — E[x])(x — E[x])"]1,/n? = 0?/n, '
where we recall that E[x]/y/n = pl,/y/n and the covariance £ Cov[x] = oI, /n. Note that this

nothing but Equation (1.11]).
Plugging the results in Equation (1.19) into the Chebyshev’s inequality in (1.3), we get the

following concentration result for the scalar observation f(x) = x'1,/n.

Theorem 1.12 (Concentration of f(x) under finite variance). For the linear scalar ob-
servation f(x) =x'1,/n of a random vector x, with x € R™ having i.i.d. entries with E[z;] = p
and Var[z;] = o2, we have, for any n and t > 0 that

P (|f(x) = pul >to/y/n) <t72, (1.20)
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1.3. CONCENTRATION OF RANDOM VECTORS AND THEIR SCALAR OBSERVATIONS11

Notably, the linear scalar observation f(x) = x'1,/n is close-to-deterministic for n large, in
the following sense: for some failure probability smaller than 0, it follows from Equation (1.20)
that the random z will be within the range of

f(x) € [u—0/Vnd, u+a/vVnd], (1.21)

with probability at least 1 — §. Note that here the range is of length 20/ v/nd, which, for given
o and 9, can be made small for n large. More precisely, consider the case of u = ¢ # 0 and
§ = 0.01, having a sufficiently large n > 10° leads to the approximation f(x) € [0.99x,1.01p]
with confidence 0.99. This should be contrasted with Equation in which we do not observe
such large-n concentration for each of the entries of x to “compensate” the fundamental tradeoff
between the confidence and approximation error.

Non-asymptotic analysis of f(x) under sub-gaussianity. Stronger concentration results
can obtained under stronger assumptions, e.g., by considering the case of x having independent
sub-gaussian entries. In this case, it follows from the (general) Hoeffding’s inequality (see,
e.g., |36, Theorem 2.6.2]) that the scalar observation f(x) = x'1,/n concentrates within a
radius of 1/4/n from its mean with exponentially high probability, as in the following result.

Theorem 1.13 (Concentration of f(x) under sub-gaussianity). For the linear scalar
observation f(x) = x"1,/n of a random vector x, with x € R™ having independent sub-gaussian
random variables x1,...,x, with Elz;] = p and sub-gaussian norm bounded by onr, we have,
for anyn and t > 0 that

P(S () — il = 1) < exp(—Cut2 /o), (1.22)
or equivalently P (| f(x) — p| > top//n) < exp(—Ct?) for some constant C' > 0.

As a consequence of Theorem [1.13] we have that

F(x) € 1= VIn(1/0)/C - o /5/m, i+ /I(1/3)C - o /v/7] (1.23)

with probability at least 1 — . Again, let us compare this expression with Equation for
a scalar sub-gaussian random variable. In Equation , we do not face, for n large, the
confidence-range tradeoff observed in Equation , in the sense that for large n the scale of
the width of the interval can be made small, e.g., compared to the mean. As a telling example,
consider again the case ;4 = oxr and § = 0.01, so that by Equation we have, for large
enough n > 4.6/C - 10*, that the approximation f(x) € [0.99u,1.01x] holds with probability
0.99. Thus, we can confidently say that the value of f(x) can be well-approximated by the
deterministic p.
A few remarks are in order.

Remark 1.14 (Connection to Chernoff bound). In the special case of x € R" having
independent Bernoulli entries (i.e., P(z; = 1) = p; € (0,1) and x; = 0 otherwise) with p =
% Yoy pi € (0,1), it then follows from the standard Chernoff bound that

P (
for t € (0, ). This agrees with the expression in Equation (1.22]) by taking C' = 1/(3u), since
Bernoulli random variables are bounded and thus sub-gaussian.

1'x/n — ,u’ > t) < exp(—nt?/(3p)), (1.24)

Here is a summary of the (non-asymptotic) concentration properties of linear scalar obser-
vations of large random vectors.
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Remark 1.15 (Concentration of linear scalar observation of large random vec-

tors). Equation (1.20) and Equation (1.22)) of Theorem and Theorem re-

spectively, show that the random vector x € R", when “observed” via the linear scalar
observation f(x) = 17x/n, exhibits the following concentration behavior:

Fx) =~ p + X/, (1.25)
0(@1) O(n—1/2)

for n large, with some random X of order O(1) that:

1. has a tail that decays (at least) as t~2, for finite n and x having entries of bounded
variance (from Equation (|1.20));

2. has a sub-gaussian tail (at least) as exp(—t2), for finite n and x having sub-gaussian
entries (from Equation ((1.22))); and

3. has a precise Gaussian tail independent of the law of (the entries of) x, but in the
limit of n — oo (from the CLT in Theorem [L.8§).

To summarize:

1. in the first order (of magnitude O(1)), it fluctuates around the deterministic quan-
tity o (that does not scale with the dimension n); and

2. in the second order (of magnitude O(n~'/2)), it exhibits a strong concentration
around the expectation g with a fluctuation/deviation (that vanishes as n~/2),
the tail behavior of which depends on the law of the entries of x.

Remark 1.16 (Connection between Remark and Remark [1.15)). Remark takes
a similar form to the asymptotic characterization given in Remark They both establish
close-to-deterministic behavior of f(x) = x'1,/n with strong concentration, in the sense that
the random fluctuation is of smaller order than the mean p. The major differences between the
two are the following.

1. Remark provides an asymptotic characterization of f(x) that holds only as n — oc.
However, it holds for more general x, as long as x has i.i.d. entries of some mean and
variance say, in which case the limiting fluctuation is precisely Gaussian, as n — 0.

2. Remark provides a non-asymptotic characterization of the behavior of f(x) that holds
for any n. However, this comes at the price of evaluating, on a case by case basis, the
precise law of the entries of x.

1.4 Lipschitz, quadratic concentration, and beyond

The discussion around Remark was motivated by two facts: Observation which noted
that random vectors do not concentrate about their mean, in a meaningful manner analogous
to how random scalars concentrate about their mean; and that, when working with scalar
observations of random vectors, we obtain expressions that are formally equivalent to computing
empirical estimates of sums of scalar random variables.

Importantly, the properties described in Remark extend beyond the specific linear
observation, f(x) = 1,)x/n, to many types of (possibly) nonlinear observations. (Clearly, they
easily extend to generic linear observations of the form a'x.) Below, we formally define the
scalar observation map of (random) vectors.
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Table 1.2: Different types of scalar observations f(x) of random vector x € R", having inde-
pendent entries.

Scalar observation Characterization
sample mean f(x) = 1},x/n as in Remark [1.11]
Linear - Table |1.1
and f(x) =a'x for a € R"
Lipschitz f(x) for a Lipschitz map f: R" - R Theoremm
Hanson—Wright inequality
Quadratic form f(x) = x"Ax for some A € R™*"

in Theorem |1 .22|

f(x) = o(x"Y)A¢(Y x)
Nonlinear quadratic form Theorem
for entry-wise ¢, A € R**"Y € RP*"™

Scalar observation maps

Definition 1.17 (Scalar observation maps). For a (random or not) vector x € R",
we say f(x) € R is a scalar observation of x, with observation map f: R™ — R.

In this section, we will describe several different scalar observation maps (Lipschitz, quadratic
functions, and nonlinear quadratic functions), and we will provide characterizations of their
concentration behaviors. These results are summarized in Table [[.2l

Lipschitz maps. Consider first a Lipschitz map f(x), for some f: R" — R, defined as follow.

Lipschitz function

Definition 1.18 (Lipschitz function). For a function f: R™ — R, we say f is Lipschitz
with Lipschitz constant Ky > 0 if

[f(x1) = f(x2)| < Kyllx1 — x2ll2, (1.26)

holds for any x1,xs € R".

The following result characterizes the concentration behavior of the Lipschitz (scalar) observa-
tion of, say, Gaussian random vectors.

Theorem 1.19 (Concentration of Lipschitz map of Gaussian random vectors, [36
Theorem 5.2.2]). For a standard Gaussian random vector x ~ N(0,1,) and a Lipschitz
function f: R"™ — R of Lipschitz constant Ky > 0, we have, for all t > 0 that

P(|f(x) — E[f(x)]| > t) < exp(~Ct*/K}), (1.27)

for some universal constant C' > 0.
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Remark 1.20 (Concentration of Lipschitz observation of large random vec-
tors). It follows from Theorem[1.19that Lipschitz scalar observations f(x) of the random
vector x € R" behave as

f(x) = E[f(x)] + K, (1.28)

for n large, where K is the Lipschitz constant of f (that is, in general, of order O(n=1/2),
see Remark below). This leads to first- and second-order behaviors akin to those

discussed in Remark (and Remark [L.9):

1. in the first order, f(x) fluctuates around the deterministic quantity E[f(x)]; and

2. in the second order, it concentrates around this deterministic quantity with a fluc-
tuation/deviation that is proportional to Ky and has a sub-gaussian tail.

Remark 1.21 (Linear observations as Lipschitz observations). The linear map 1[(:)/n
is, by definition, Lipschitz, with Lipschitz constant K 1T()/n = n~1/2. This allows us to deduce
the result in Theorem from Theorem without resorting to the Hoeffding’s inequality.
More generally, if one has f(x) = O(1) and

[f(y1) = F(y2)l = O (Kyllyr = yall2) , (1.29)

then, for x ~ N(0,1,) (for which we know |x|2 = O(y/n)), taking y1 = x and ys = 0, one
deduces that Ky = O(n~1/2), so that the second order fluctuation in Equation 1D is again
of order O(n~1/2), as for linear observation in Remark

Quadratic form maps. When non-Lipschitz observations of x are considered (with non-
Lipschitz f), one may intuitively expect that the random variable f(x) still concentrates in
some way, but “less so,” compared to the Lipschitz case. An important special case of this
arises when one considers quadratic forms, i.e.,

x"Ax for some given A € R™" of x, (1.30)

7

from which one can define “quadratic form observations.” The following result, known as the
Hanson—Wright inequality, precisely characterizes the concentration behavior of the quadratic
(so non-Lipschitz) form of x having independent sub-gaussian entries.

Theorem 1.22 (Hanson—Wright inequality for quadratic forms, [36, Theorem 6.2.1]).
For a random vector x € R™ having independent, zero-mean, unit-variance, sub-gaussian entries
with sub-gaussian norm bounded by opr, and deterministic matriz A € R™ ™, we have, for every

t>0, that
]P)(‘XTAX—'EFA‘ >t> < exp <—Cmin< r ! )) (1.31)
I o aX AR [All2) ) '

for some universal constant C' > 0.

From Theorem we see that, depending on the interplay between the “range” ¢ and
the deterministic matrix A, the random quadratic form x" Ax swings between a sub-gaussian
(exp(—t?)) and a sub-exponential (exp(—t)) tail. For example, consider A = I, so that [|Ajz = 1
and ||A||% = n. In this case, it follows from Theorem that

P <';||x|§ - 1‘ > %) < exp <—O%min (;;v \/ﬁt>> . (1.32)

From this, it follows that:
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1. close to the mean (that is, equal to one) with ¢ < \/no%,, the (normalized) squared
Euclidean norm ||x||3/n strongly concentrates around one, with a sub-gaussian decay; and

2. away from the mean with ¢ > \/no?,, the (normalized) squared Euclidean norm ||x||3/n
still concentrates, but less, with a sub-exponential decay.

Remark 1.23 (Concentration of Euclidean norm of large random vectors). It
follows from Theorem that the squared Euclidean norm |x||3, as a (non-Lipschitz)
quadratic observation of x € R™, behaves as

1
[ = 1+ 01, (133)

for n large. This, again, leads to the first- and second-order behaviors as:
1. in the first order, ||x||3/n fluctuates around the deterministic quantity one; and

2. in the second order, it concentrates around this deterministic quantity with a fluc-
tuation/deviation that grows with o3, and of order O(n~'/?) with a sub-gaussian
tail when close to the deterministic quantity, and with a sub-exponential tail (so
with a fluctuation with heavier tail and concentrates “less” than the Lipschitz case)
when far away.

This should be compared and contrasted with the case of Lipschitz maps in Remark

Nonlinear quadratic form maps. More generally, we may be interested in more involved
observations of large random vectors than the quadratic forms characterized by the Hanson—
Wright inequality in Theorem An example is nonlinear quadratic forms of the type

%¢(XTY)A¢(YTX), (1.34)

for Gaussian random x € RP and deterministic A € R™*"™ and Y € RP*™. This is of direct use
in the analysis of large and random neural network models in ??, for which the random vectors
x are (columns of) the network weights applied on deterministic input data Y. A nonlinear
activation function ¢: R — R of a neuron is then applied entry-wise on x"Y. The concentration
behavior for these nonlinear quadratic forms is precisely characterized in the following result.

Theorem 1.24 (Concentration of nonlinear quadratic forms, |20, Lemma 1]). For a
standard Gaussian random vector x ~ N(0,I,) and deterministic A € R™*™, 'Y € RP*" such
that ||All2 < 1,[|Y||2 = 1, we have, for Lipschitz function ¢: R — R with Lipschitz constant K
and any t > 0 that

1 xT Tx —l r L ex —gmin £ n
P(|LotY)AGY ™) - L AKy(Y)| > ) < p( 2 <(¢(O)+K¢W)<2,ft>>,
1.35)

with Kg(Y) = Ex[p(YTx)p(xTY)] € R™™, for some universal constant C > 0.

Theorem [1.24] can be seen as a nonlinear extension of the Hanson-Wright inequality in Theo-
rem In particular, in the case of Y =1I,, with p = n and f(x) having zero mean and unit
variance entries, Theorem reads

P (‘;d)(x)TAgb(x) - itrA‘ > \/tﬁ> < exp (I%min (M \/ﬁt>) . (1.36)
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This is in accordance with the Hanson—-Wright inequality in Theorem [1.22] since for Lipschitz
¢: R — R of Lipschitz constant K, and standard Gaussian x, the entries of ¢(x) are sub-
gaussian with sub-gaussian norm Kg. Note, however, that in the general case with Y # I,
#(YTx) does not have independent entries, and so Theorem does not apply, at least
directly, to prove Theorem for generic Y.

Remark 1.25 (Concentration of nonlinear quadratic form observation of large
random vectors). Similar to Remark it follows from Theorem that the non-
linear quadratic observation %qf)(XTY)AQZ)(YTX), for Lipschitz f, behaves as

%qﬁ(xTY)Aqb(YTx) ~ %tr AK4(Y) 4+ O(n~?), (1.37)

for n large, with max{¢(0), Ky, p/n} = O(1). This, again, leads to the first- and second-
order behaviors as:

1. in the first order, 1¢(x"Y)A¢(Y Tx) fluctuates around the deterministic quantity
Ltr AK,4(Y); and

2. in the second order, it concentrates around this deterministic quantity with a fluc-
tuation of order O(n~1/?) with a sub-gaussian tail when close to the deterministic
quantity, and with a sub-exponential tail when far away from the deterministic
quantity.

1.5 Looking beyond random scalars and vectors

We have seen in Chapters [1.3] and that, while large-dimensional random vectors x € R"
themselves do not concentrate (see Observation and an illustration in Figure [1.1]), their
(linear, Lipschitz, quadratic, and even nonlinear quadratic) scalar observations establish con-
centration behavior of the type

f(x) = E[f(x)] +o(1), (1.38)

for some observation map f: R” — R, with high probability, for n large, and some small order
term o(1) that vanishes as the dimension n grows large. In the aforementioned examples of
linear, Lipschitz, quadratic, and nonlinear quadratic forms, this small o(1) term is shown to be
O(n=1/?).

Matrices, as natural extension of vectors, are expected to establish similar behaviors. For a
large-dimensional random matrix X € RP*™ one may expect the following.

1. Similar to Observation for vectors, the random matrices themselves do not concen-
trate, e.g., in a spectral norm sense, such that | X — E[X]|| 4 0 as n — oo, as we shall
below in Theorem (.7

2. At the same time, extending the scalar observation maps of vectors, in Definition
a similar large-dimensional concentration behavior for the scalar (e.g., eigenspectral) ob-
servations f(X) of the random matrix X can be observed for certain matriz functionals
f: RPX" 5 R of X.

As such, when one is interested only in scalar observations—in the matrix case, this could
correspond to “trace queries,” “quadratic form queries,” or other (eigenspectral) functionals
f(-) of a random matrix X that return a scalar (these are common operations of interest in
ML and beyond)—then it is often possible to find a deterministic matrix X that “mimics” the
behavior of X but only through the observation map f(-).
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We refer to such a matrix X as a Deterministic Equivalent of X.

(This is a special case of the High-Dimensional Equivalent in Definition and it will be
formally defined in Definition of Chapter @) For this Deterministic Equivalent, for any
appropriate scalar observation function f : RP*™ — R of X, we have, akin to Equation ,
that

f(X) = f(X) +o(1), (1.39)
for n,p large. As a consequence, these scalar observations f(X) of Deterministic Equivalents
“track” the behavior of their random equivalent f(X) with increased accuracy as the dimensions
n, p grow large. In Chapter [6] of Part [T} we will showcase both types of results using the example
of sample covariance matrix. For that purpose, we will need a few basic linear algebraic notations
and results. These will be reviewed in the next chapter.
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Chapter 2

Basic linear algebra

In this chapter, we briefly review basic linear algebraic notations and results to be used through-
out the monograph. In Chapter we review inner products and norm of vectors and matrices
in the Euclidean space. These results, when combined with probabilistic arguments discussed in
Chapter (1}, provide novel insights into classical linear algebraic statements, for both vectors and
matrices. As an example, we shall see in Chapter that matrix norms are not so equivalent
for matrices of large size. In Chapter we recall spectral (i.e., eigenvalue and singular value)
decompositions of matrices. Finally, in Chapter we describe connection between spectral
decompositions and solving linear equations.

2.1 Inner products and norms for vectors and matrices

Vectors. The inner product and the related notions of Euclidean norm, angle, and orthog-
onality are among the most basic quantities that are widely used to describe properties of
vectors.

Definition 2.1 (Inner product, Euclidean norm, angle, and orthogonality). Given
vectors x,y € R™ living in the n-dimensional Buclidean space R™ composed as x = [x1,...,2,]"
andy = [y1,...,yn]", respectively,

1. xTy = Yoy xy; s the inner product between x and y;
2. |x|13=x"x =3, 2? is the (squared) Euclidean norm of x; and
3. cosf = (%) is the (cosine of the) angle between x andy.

We say that the vectors x,y are orthogonal to each other if x'y = 0; in this case, cos = 0,
and 0 = /2.

Remark 2.2 (Vector Euclidean norm as a total energy/mass). Intuitively, the Euclidean
norm ||x||2 measures the total “mass” or “energy” of the vector x € R™, and this can be
decomposed in various ways. Somewhat more precisely, for eq,...,e, € R" the canonical
vectors of R” with [e;]; = d;; (that, in particular, form an orthonormal basis of R™), any x € R"
admits the following decomposition

n
X = inei, (2'1)
1=1

with z; the i entry of x. It follows that |x||% collects (the squared sum of) all the entries ;,
ie., [x]|3 =", 2?. This is a generalization of the Pythagorean theorem.

18
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The Euclidean norm of vectors in R™ can be defined (as it was in Definition [2.1]) in terms of
inner products. The converse statement, that inner products can be characterized in terms of
norms, is also true. It is known as a polarization identity, and it is given in the following result.

Lemma 2.3 (Polarization identity). For x,y € R", we have

1
xly =5 (IxIE + Iyl = Ix = yl3) - (2.2)

Lemma connects the inner product x"y to the Euclidean norm of the distance between x
and y, ||x — y||3, as well as the Euclidean norms of x and y. The value of x"y can be positive
or negative, depending on whether the two vectors are in the same “direction” or not.

Polarization identities are usually presented simply as linear algebraic facts for given vectors
x and y. However, when combined with a probabilistic modeling for x (and/or y) as a random
vector living in R™, Lemma [2.3| can be used to provide an explanation for a counterintuitive
behavior of large-dimensional random (data) vectors. This is illustrated in ?? and ?7; and it is
discussed in the following remark.

Remark 2.4 (Polarization identity and different scaling for inner products and norms
of large random vectors). For fixed vector y € R" of unit norm |y||2 = 1 and random vector
x € R™ such that \/nx has i.i.d. entries with zero mean, unit variance, and finite fourth order
moment my < oo (the scaling by v/n is made so that E[||x]|3] = 1), we have the following.

1. It follows from the LLN and CLT (in Theorems and respectively) that
x'y ~0+N(0,1)/vn, (2.3)

for n large, so that the (random) inner product x'y is of order O(n~/?) with high
probability.

2. On the other hand, again by the LLN, CLT, and the fact E[(x"x)?] = %ﬂ, one has
that

%[ = x"x ~ 1+ N(0,m4 — 1)/v/n, (2.4)
for large n, so that the (random) Euclidean norm ||x||2 ~ 1, and thus is of order O(1).

3. It then follows from the Polarization identity in Lemma that
I = 113 = [Ix[13 + Iy lI3 + O(n~"/?) =2+ O(n~"/?), (2.5)

for large n, so that the Euclidean distance between x and any fixed y (or their norms) is
much larger (in fact by a factor of y/n) than their inner product.

Recall from Deﬁnitionthat two vectors x, y are orthogonal if xTy = 0. Thus, by Remark
one has that a large-dimensional random vector x having i.i.d. entries is always approrimately
orthogonal to any deterministic vector y. This is also a manifestation of the “non-concentration”
(or CLT-type concentration) behavior of large-dimensional random vectors discussed in Obser-
vation and illustrated in Figure This intrinsically different scaling (by /n) between
the norm and inner-product /angle of large-dimensional random vectors comes from the funda-
mental concentration behavior (e.g., LLN and CLT in Theorems and ; and it will, as
we shall see below in Chapter (3, distinguish the two regimes of interest for nonlinear (random)
functions.
One can consider other vector norms beyond the Euclidean norm.
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Definition 2.5 (p-norm of vectors). For any real number p > 1 and x € R"™, the p-norm
(also known as the £, norm) of x is defined as

n 1/p
1[Iy = (Z !wilp) - (2.6)
=1

As a special case, we obtain the Manhattan norm with p = 1, the Euclidean norm with p = 2,
and the infinity /maximum norm with p — 00 as ||X||cc = max; |z;|.

Remark 2.6 (Vector norm “equivalence”). For a vector x € R”, one has

Ixlloo < [Ixll2 < lIxllr < Valx[l2 < nlx]o, (2.7)

so that the vector norms in Definition are “equivalent,” but only up to a factor that depends
on the the dimension n.

Matrices. The previous results hold for vectors, but they generalize very naturally to ma-
trices. For matrices X, Y € R™*™ we can use the matrix trace function to define their inner
product and associated Frobenius norm, as follows.

Definition 2.7 (Matrix inner product and Frobenius norm). Given matrices X, Y €

mXxn
R,

L tr(XTY) = Y0 XTY] = 30, > i1 XjiYji is the matrix inner product between X
and Y, where tr(A) is the trace of A (that is also equal to the sum of all eigenvalues and
diagonal entries of A, see Deﬁnition below); and

2. |X||% = tr(XTX) = Y0 [XTX]; = S, Py XJ% denotes the (squared) Frobenius
norm of X (that is also equal to the sum of the squared entries of X).

As with vectors, we have polarization identities and (when combined with a probabilistic mod-
eling for the elements of the matrices) associated scaling considerations for matrices.

Remark 2.8 (Polarization identity and different scaling for large random matrices).
Similar to Lemma for matrices X, Y € R™*"™ we have the following matrix polarization
identity:

o(XTY) = o (IXIE + Y15~ X = YI[7) . (2.8)

1
2
Also, similar to Remark we have for fixed Y with ||[Y|r = 1 and random X € R"™*"
such that y/mn X has i.i.d. entries of zero mean, unit variance, and finite fourth order moment

my < oo (again, the scaling \/mn is made so that E[||X||%] = 1) that

tr(XTY) ~ 0+ N(0,1)/v/mn, (2.9)
and
X% = 14+ N(0,mq — 1)/v/mn, (2.10)
so that
IX = Y% = [IX[F + 1 Y[F + O1/vmn) = 2+ O(1/y/mn). (2.11)

That is, Remark extends naturally to matrices.

As with vector norms, there are many widely-used matrix norms beyond the Frobenius
norm. One class of such matrix norms is discussed as follows.

Definition 2.9 (Matrix norm). For X € RP*"  consider the following “entry-wise” extension
of the p-norms of vectors in Definition [2.5:
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1. matriz Frobenius norm [X[[p = />, XE]- = |lvec(X)||2, that extends the vector {y
FEuclidean norm; and

2. matric maximum norm || X||max = max; ;| X;;| = [[vec(X)|| o, that extends the vector

norm.
Also, we can consider the matriz norm induced by vectors, defined as

X[y = sup [[Xvllp. (2.12)

Ivip=1

By taking p = 2 in Equation (2.12)) we get the spectral norm, defined as
HXH2 = Amax(XXT) = O'max(X),

where Amax(XXT) and omax(X) denotes the mazimum eigenvalue and singular of XX and X,
respectively.

The matrix Frobenius norm and spectral norm in Definition belong to the class of so-called
matrix Schatten norms (that can be defined by applying the vector p-norms in Definition
on the vector of singular values of the matrix). These norms are known to be unitarily invari-
ant, i.e., such that [|X|| = [|[UXV]| for all matrices X and unitary (square) matrices U,V of
appropriate dimensions.

We have the following inequalities between different matrix norms that establish a certain
sort of equivalence between matrix norms (that is often too loose for practical use, though).

Remark 2.10 (Matrix norm “equivalence”). For a matrix A € R™*", one has the following

L ||Allz < ||Allr < y/rank(A) - ||All2 < /max(m,n) - ||Al|2; so that, e.g., the control of the

Frobenius norm via the spectral norm can be particularly loose for matrices of large rank
and/or size; and

2. |Allmax < [|All2 < vVmn - ||Allmax, With ||Al|max = max; j |A;;| the maz norm of A, so
that the max norm and spectral norm can be significantly different for large matrices.

The fact that this notion of matrix norm “equivalence” holds only up to dimensional factors
is crucial in large-dimensional data analysis and machine learning. In Chapter we will
discuss this in more detail with the example of sample covariance matrix, and two popular
dimension reduction techniques: Principle Component Analysis (PCA) and multidimensional
scaling (MDS).

2.2 Loss of matrix norm equivalence in ML

In this section, we delve further into the “(loss of) matrix norm equivalence” discussed in Re-
mark using the sample covariance matrix (SCM) in the proportional regime as an illustra-
tive example Then, we discuss how this “(loss of ) matrix norm equivalence” has a significant
impact on large-scale ML, with the examples of two popular dimension reduction techniques:
principle component analysis (PCA, that is directly connected to SCM) and multidimensional

scaling (MDS), in Example and Example respectively.

2For the formal definitions of SCM and proportional regime, see Definitions and [4.23] respectively.
3We assume basic familiarity with eigenvalues/eigenvectors; these are described in more detail in Chapter
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Figure 2.1: Spectral versus max norm errors of C- C, as a function of the sample size n, for
p = 8 (Figure [2.1a) and p = 128 (Figure , with x; ~ N(0,1,) and thus C = I,,. Results
averaged over 50 independent runs.

Example 2.11 (Loss of matrix norm equivalence for SCM). Consider a set of n indepen-
dent random vectors X1, ...,x, € RP following a multi-variate Gaussian distribution, with zero
mean and identity covariance, E[x;] = 0, and E[x;x]] = I,. In this case, the SCM is given by

R 1 &
C==- 1 2.1
n;XXZ (2.13)

This quantity is known to be the maximum likelihood estimator of the population covariance
C =1, and thus it should be the “optimal” solution we can get.

Now, we evaluate the maximum and spectral norm (see Definition above) of the SCM
C in the proportional regime, by considering the limit of n, p — co with p/n — c € (0,00). In
this setting, we have the following dual observations.

1. From the LLN in Theorem [1.7} it follows that that the (¢, j) entry of the SCM C converges
to the population covariance C = I, as n — oco. That is,

H(j - IpHmaX — 0. (2.14)

2. On the other hand, if we let n,p — oo with p > n, then C = %Z?:l Xix;r in Equa-
tion is the sum of n rank-one matrices, and the rank of C is at most equal to n.
In this case, being a p X p matrix with p > n, the sample covariance matrix C must be
a singular matrix having at least p — n > 0 zero eigenvalues. As a consequence of this
etgenvalue mismatch, we have

1C = Tpll2 # 0, (2.15)
as long as p > n, even for n,p arbitrary large as n,p — oco.

While the eigenvalue mismatch in Equation (2.15)) may, at first sight, seem to contradict the
max norm convergence results in Equation @ , this is not the case. This is a consequence of
the fact that matrix norms are “equivalent,” but only up to factors that depend on the size p
of the matrix, as already mentioned in Remark For instance, we have

[A[max < [[All2 < pl|Al[max (2.16)

for the symmetric matrix A = C - I, € RP*P. The conclusion is that, when considering
statistical problems of large dimensions (with p > 1), the proportional regime:

4That is, the sense in which “all matrix norms are equivalent” is very weak, depending on dimensional factors
that have strong algorithmic and statistical consequences, the latter being of particular interest for RMT.
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matrix norms are not equivalent in the proportional regime.

As an illustration of this loss of matrix matrix norm equivalence in the proportional reglme
Figure |2.1| provides numerical ev1dences on the errors in max norm and spectral norm of C — I,
in the classmal (p = 8 in Figure [2.1a) and proportional (p = 128 in Figure [2.1b) regimes. In
particular, we see that the differences between the spectral and max norms are sigm’ﬁcantly
smaller in the classical regime than in the proportional regime. In the proportional regime,
with p = 128 (which is indeed not very large in the context of modern ML), the relative error
in spectral norm can blow up to 200%, while the max norm error still remains at a much lower
level (of less than 25%).

Thus, control on the max norm does not yield, at least directly, a non-trivial control on the
spectral norm that is often of more practical interest in ML. The practical usefulness of the
spectral norm is discussed in more detail in the following remark.

Remark 2.12 (On the importance of spectral norm). For practical purposes, this “loss of
norm equivalence” for large matrices (large p) raises the question of what is the relevant matrix
norm to consider for a given problem. For many ML problems, the spectral norm is the most
relevant, in the following sense.

1. First, the spectral norm is the matrix norm induced by the Euclidean norm of vectors
(see for example [18, Theorem 5.6.2]). Thus, the study of regression vectors or label/score
vectors in classification is naturally attached to the eigenspectral study of matrices. (See
the problem of linear least squares regression in 77 as an instance of this.)

2. Second, one needs to evaluate the spectral norm when spectral methods such as principle
component analysis (PCA) [40], multi-dimensional scaling (MDS) [41], (kernel) spectral
clustering |25] or PageRank [13] are considered. More precisely, for matrices A, B € RP*P,
according to Weyl’s inequality (see [18, Theorem 4.3.1] and Lemma in Appendix [A)),
one has

max [A(A) = Xi(B)[[2 < [|A — B2, (2.17)
1<i<p
for A{(A) > X2(A) > ... > A\,(A) the eigenvalues of A in a decreasing order. Thus, the
bound on the spectral norm difference provides a uniform bound on all the corresponding
eigenvalues. See Also, it follows from Davis-Kahan theorem (see 7] and Lemma in
Appendix that

—(ul w; HA_BH2
V- @) < e e e O

for u;(A), u;(B) the eigenvector that corresponds to the eigenvalue of \;(A) and \;(B), re-
spectively. Thus, the “alignment” between corresponding eigenvectors and subspaces can
be controlled by the spectral norm. See Example below for an application Principle
Component Analysis and 77 for an application to spectral clusteringﬂ

Definition 2.13 (Principle component analysis PCA). For data vectors x1, o, X, ERP
of dimension p, denote its SCM c=1 ZZ 1 XX, = 1XXT as in Example PCA aims to
find the principle direction u € R?P of X by solmng the following optzmzzatwn pmblem
max u'Cu
ueRe (2.19)
s.t. |ul| =1.

5Most previous literature on RMT has been concerned with the eigenvalues of random matrices and functional
of them. In ML applications, however, eigenvectors are more commonly exploited and thus of more practical
interest. Technically speaking, to characterize the eigenvectors one needs to the evaluate the behavior of the
whole random matrix (instead of solely its eigenvalues). This can be achieved with the proposed Deterministic
Equivalent for resolvent framework, to be discussed in Chapter @



24 CHAPTER 2. BASIC LINEAR ALGEBRA

_ &
5 1 re___e—___e___e, = © be
R b |
- =
a s
2 I
& 4
= 0.8 4 N
g I
Z o
3] -
g )
o) - —
° 06 5 o —o— p=28 |
= % ——p =128
- | ¢ Geo—-o—o——o . )
-
A pe ‘
256 1024 2048 % 956 1024 2048
n
~ n
(a) PCA (b) MDS

Figure 2.2: Figure Principle direction alignment |@iuy| for @y the principle direction
obtained from PCA; and Figure related approximation error in Frobenius norm || XX —
XTX||r/||XTX||r obtained from MDS with m = 1; as a function of the sample size n, for p = 8
(red) and p = 128 (blue), with x; ~ N(0,C) for C = I, + wiu] and uy = [1,,/0; —1,5]//D-
Results averaged over 50 independent runs.

sz Denote C = UCACUE; the eigen-decomposition (see Deﬁm’tz’on below for a formal defini-

603 tion) of C, for diagonal Ag = diag{/\i(é)}le containing the eigenvalues of C and orthonormal
s Ug = [Q1,...,04,] € RP*P containing the corresponding eigenvectors. Then, the top eigenvector
sos U1 € RP that corresponds to the largest eigenvalue )\1(@) s the solution to . This s
66 the “direction” where the data distribution is the most extended, and it “explains” most of the
607 variability in the data.

608 Subsequent principle directions/components of the data can be similarly computed. Denote
600 Ué,m € RP*™ the m-principle components of X € RP*™  an m-dimensional representations of

60 X obtained from PCA is gien by (the columns of) X = Ug mX € Rmxn,

s Example 2.14 (Principle component analysis in high dimensions). As a consequence
612 of the loss of SCM norm equivalence in Example and the importance of spectral norm
613 in Remark we should not, a prior, expect that the popularly used PCA dimension re-
s14 duction approach described in Definition works well for large-dimensional data vectors.
615 Figure provides numerical illustrations of the different behavior of PCA in the classical
s16 versus proportional regime. For i.i.d. multi-variate Gaussian data vector x; ~ N(0,C) with
17 covariance C = I, + uju], we evaluate here the “alignment” | uj| between the principle di-
618 rection 0y obtained from SCM and the true covariance principle direction u; € RP, for small
s19 p = 8 and large p = 128, and sample size n ranging from 256 to 2048. From Figure we
620 see that while for p small, the principle direction iy obtained from PCA constantly aligns to
621 the true data principle direction, this is no longer the case for p large. This is a consequence of
622 the (now uncontrolled, for p large) spectral norm different ||C — C|,.

623 Another commonly used dimension reduction technique is multidimensional scaling (MDS) [41].
e Different from PCA in Example[2.14] classical MDS aims to obtain low-dimensional (in R™ say)
e2s representation of the data so that their Euclidean distances (or dissimilarities) are approximately
626 preserved. This is described as follows.

27 Definition 2.15 (Multidimensional scaling, MDS). Classical MDS aims to obtain low-
28  dimensional (in R™ say) representation of the data so that their Fuclidean distances (or dis-
20 similarities) are approximately preserved. More precisely, for data vectors xi,...,%x, € RP of
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dimension p, denote E = {||x; — xjH%/p}Zj:l their (normalized) squared Fuclidean distance

matriz, MDS aims to find m-dimensional representations X = [X1,...,X,] € R™™ of X such
that their Euclidean distances are approrimately preserved:

E = {|[% — %;|3/p}}j—1 ~ E- (2.20)
To do this, note that
E=1,v +v1] —2X'X, v={|x|*}",, (2.21)

so that by performing “double centering” of E we get —%PEP =PX™XP =X'X, for X = XP
with P =1, — %1,11;. Then, X is obtained by minimizing the following strain:

“min |XTX - XTX||%. (2.22)
XeRmxn
Per zihe Eckart-Young-Mirsky theorem (12,24, the solution fo (2.22)) is given by X = Exij;m,
for X = UXEXV)T—( the singular value decomposition of X € RP*"™, and Vxm € R™ ™ and
Yxm € R™>™ containing the top-m right singular vectors and singular values, respectively.

Remark 2.16 (PCA and MDS). MDS is similar to PCA in Definition in that they both
provide low-dimensional representation X € R™*P of the data X € RP*" with m < p. From an
algorithmic aspect, they are connected to each other through the singular value decomposition
(SVD, see Definition for a formal definition) of X = UxXxVx and of XP = X =
UXEXV)I( as follows.

1. By Definition 2.13}, PCA computes X = U;;mX = [Im O] ZXV;, where Ux ,, € RP*™
is the top-m left singular subspace of X.

2. On the other hand, by Definition MDS computes X = EXMV;—( = I, O ZXV;——(
of the “centered” data matrix X = XP.

As such, classical MDS boils down, up centering and per , to the evaluation of data Gram
matrix XX, and then to the computation of the data (top) singular values and vectors, for
which a similar loss of norm equivalence as for PCA in Example is expected. This is
discussed as follow.

Example 2.17 (Multidimensional scaling in high dimensions). It can be checked that the
MDS approximation error in Equation is given by the sum of eigenvalues (excluding the
largest m) of XTX (that coincide with the sum of those of the centered SCM XXT). Thus, by
Remark[2.12] we have, similar to Example [2.14]for PCA and as a consequence of the loss of SCM
norm equivalence, that we should not expect that the MDS works well for large-dimensional
data vectors. See Figure for a numerical manifestation of this fact. We particularly see
from Figure that unlike for p = 8, where the relative approximation error is small; in
the case of large-dimensional data with p = 128, the approximation error is much larger, and
increases as n grows large.

2.3 Spectral decomposition of matrices

Here, we review in more detail the spectral decomposition (including both the eigenvalue de-
composition and the singular value decomposition) of matrices.
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u; uo Up—1 Uy
A uf
Ao ug
)\nfl u;
An u)
UX € RXn AX c Rnxn U; € Rxn

Figure 2.3: Tllustration of eigen-decomposition, UXAXU;, of a symmetric n X n matrix X.

Symmetric and Hermitian matrices. Let’s start by recalling the definition and properties
of symmetric real and Hermitian complex matrices, as follows.

Definition 2.18 (Symmetric and Hermitian matrix). For a real square matriz X € R"*",
we say X is symmetric if X1 = X. Similarly, for a complex square matriz X € C™", we say
X is Hermitian if X* = X (with X* the conjugate transpose of X).

Important facts about symmetric/Hermitian matrices are the following.

1. X is symmetric if and only if there exists real orthonormal U € R™*™ and real diagonal
A € R™" such that X = UAUT.

2. X is Hermitian if and only if there exists unitary U € C"*™ and real diagonal A € R"*"
such that X = UAU™*.

In more detail, for symmetric real (or Hermitian complex) matrices, their diagonalization
leads to the following eigen-decomposition (according to the eigenvalues and eigenvectors of the
matrix of interest).

Definition 2.19 (Eigen-decomposition of symmetric matrices, [18, Theorem 2.5.6]).
For a symmetric real matric X € R™*", the eigenvalues \1(X), ..., \p(X) of X are all real, and
X admits the following eigen-decomposition

X = UxAxUx = > Xi(X)wu/ (2.23)

79
=1

for diagonal Ax = diag{\;(X)}'", containing the eigenvalues of X and orthonormal Ux =
[ui,...,u,] € R™™ containing the corresponding eigenvectors. In particular, the eigenvalue
and eigenvector pair (A\;(X),u;) of X satisfies the following equation

Xui = /\Z(X)uz (2.24)

See Figure for an illustration of eigen-decomposition of symmetric matrix. Given this eigen-
decomposition, the matriz trace can be defined as tr(X) = > | Ai(X).

A similar decomposition as that provided by Definition holds for Hermitian complex
matrices, by replacing the transpose operators above with conjugate transpose.

In some cases, one is interested in the properties of a single eigenvalue of a symmetric real
matrix, X € R™"  In this case, one may either resort to the eigenvalue-eigenvector equation
in or to the determinant equation det(X — A\I,,) = 0.
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In other cases, one is interested in the behavior of multiple eigenvalues. In particular,
classical RMT is interested in the joint behavior of all eigenvalues A1(X),..., A\, (X). This
leads to the definition of the (empirical) eigenvalue distribution, or empirical spectral distribution
(ESD) of X, defined as follows.

Empirical Spectral Distribution (ESD)

Definition 2.20 (Empirical Spectral Distribution, ESD). For a real symmet-
ric matric X € R™ "™ the empirical spectral distribution (ESD) or empirical spec-
tral measure ux of X is defined as the normalized counting measure of the eigenvalues
A(X), ..., A\(X) of X. This can be represented as

1 n
px = Z O (X)) (2.25)
ol

where 0, represents the Dirac measure at x.

We note the following important fact regarding the ESD of a symmetric matrix X:

since [ px(dz) = 1, the spectral measure px of a symmetric matrix X € R"*"
(which may be random or not) is a probability measure.

Thus, for ux, the ESD of a real symmetric matrix X € R™*™ of interest, we can talk about the
moments of px, just as for scalar random variables, in Definition More precisely,

L [tux(dt) = L3°7  A(X) is the first moment of px, and it gives the average of all
eigenvalues of X; and

2. [ux(dt) = 137" | A(X) is the second moment of yix, so that [ t2ux (dt)— ([ tux(dt))2

(3
gives the wvariance of the eigenvalues of X.

An important subset of symmetric and Hermitian matrices is the family of positive-definite
and positive semi-definite matrices, defined as below.

Definition 2.21 (Positive-definite and positive semi-definite matrices, PD and PSD
matrices). For a real symmetric matriz X € R™"™ we say X is positive-definite if for any
nonzero real vector v.€ R™ we have vIXv > 0; and we we say X is positive semi-definite if
vIXv > 0. Similarly, for a Hermitian complex matriz X € C™*", we say X is positive-definite
if for any nonzero complex vector v.€ C" we have v*Xv > 0; and we we say X is positive
semi-definite if v*Xv > 0.

By definition, the eigenvalues of positive-definite matrices are strictly positive, and those of
positive semi-definite matrices are non-negative.

General matrices. Going beyond symmetric/Hermitian matrices, non-symmetric real matri-
ces (including, potentially, non-square matrices) generally do not admit an eigen-decomposition,
as in Definition 2.19] However, general matrices do admit the following singular value decom-
position (SVD).

Definition 2.22 (Singular value decomposition (SVD), [18, Theorem 2.5.6]). For a
real and possibly non-square matriz X € RP*™ the singular values 0;(X) of X are unique, real
and non-negative, and X admits the following decomposition

X =Y oi(X)uv] = UxExVy, (2.26)
=1
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up u, Ur41 up
o1 (X) v
or(X) v
0 \%
0 v
Ux € RPXP Yx € RPX" Vx € Rvn

Figure 2.4: Illustration of SVD, X = UXZXV;, of a p x n matrix X.

with r = rank(X), rectangular diagonal matrix Xx € RP*™ containing all singular values of
X, orthonormal Ux = [uy,...,u,] € RP*P and Vx = [vq,...,Vvy,] € R™" containing the left
and right singular vectors of X, respectively. Similar to Equation for eigenvalue and
etgenvector, one has

XVi = ai(X)ui, XTui = O‘Z(X)VZ (227)

See Figure 2.4 for an illustration of SVD. Similar to Definition [2.20] one may define the empirical
distribution of the singular values of a given matrix.

For symmetric positive semi-definite matrices (Definition , the eigen-decomposition
and SVD in Definition and Definition [2.22] coincide. Beyond this setting, they are in
general different. More generally, however, we have the following connection between the eigen-
decomposition and the SVD.

Remark 2.23 (Connection between eigen-decomposition and SVD). For a real matrix
X € RP*" with SVD X = UXEXV}T(, for orthonormal Ux € RP*P and Vx € R"*™, the
eigen-decomposition of XX and XTX are respectively given by

XXT = Ux(ZxZ%)Ux = UxX3UY € RPXP, (2.28)

and
XX = Vx(ZxZx)Vx = VxEi VL € RV, (2.29)

In this case, the non-zero eigenvalues of XX ' and XTX are the same (and are the squared
singular values of X), and their eigenvectors are connected to the singular vectors of X. More
generally, it follows from the Sylvester’s determinant theorem (also known as the Weinstein—
Aronszajn identity, see Lemma that for A € RP*™ and B € R™"*P, one has

det(I, + AB) = det(I, + BA), (2.30)

so that the non-zero eigenvalues of AB € RP*P and BA € R™*™ are the same. Also, for a real
matrix X € RP*™ with SVD UXEXV)T(, we can consider the matrix

X = [)ST ﬂ e RPFn)x(p+n), (2.31)

This matrix is real symmetric, and it admits eigen-decomposition

- [Ux o0][0 =x][Ukx o©
SRS B S 02

and that the non-zero singular values of X are the positive eigenvalues of X.

—4

5S4 03
34

S -
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(a) Over-determined system (b) Under-determined system

Figure 2.5: Illustration of over- versus under-determined linear systems.

= 2.4 Connection between linear equation and spectral decompo-
756 sition

757 Omne of the most important and fundamental problem in applied mathematics, statistics, and
758 ML is to solve a linear system of equations defined as follow.

750 Definition 2.24 (Linear system). Given a matriz A € RP*" and a vector b € RP, we aim
0 to solve for x € R™ that satisfies the following system of linear equations

761 Ax =b. (2.33)

2 For solving linear system, there are in general three regimes of interest.

763 e For p > n, the system has more equations than unknowns; in this case, it is called an
764 over-determined system (or sometime, within ML, an under-parameterized problem).

765 e When p = n, the system has the same number of equations and unknowns.

766 e For p < n, the system has fewer equations than unknowns; in this case, it is called an
767 under-determined system (or sometime, within ML, an over-parameterized problem).

78 See Figure for an illustration of the over-determined and under-determined cases.

760 It should be clear that a solution x to the linear system in Equation exists if and only
770 if b € RP belongs to the column space of A. (That statement is true regardless of the relative
1 sizes of p and n.) In case that there exists a solution, there can be infinitely many, e.g., when
772 the system is under-determined. These solutions can be given using the generalized inverse of
773 A, defined as follows.

77« Definition 2.25 (Generalized inverse and Moore—Penrose pseudoinverse, |15]). For a
75 real matriz A € RP*™ we say the matriz A9 € R"*P is a generalized inverse of A if it satisfies

776 AAIA = A. (2.34)
. Assume, in addition, that the generalized inverse AY satisfies the following additional conditions:
778 1. AYAA9 =AY, and

779 2. both AA9I and AIA are symmetric.

780 Then, it is the Moore-Penrose pseudoinverse of A, denoted A™.

781 A solution to the linear system in Definition if it exists, can be fully described using
732 the generalized inverse in Definition This is given in the following result.

753 Theorem 2.26 (Solution to linear system in Definition [15]). For A9 € R"*P,
8¢ any generalized inverse of A, as in Definition [2.25, and the linear system Ax = b, as in

s Equation (2.33) of Definition [2.24),
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1. the solutions x exist if and only if AA%b = b; and

2. all solutions are given by
x =A%+ (I, — AIA)w, (2.35)

for arbitrary vector w € R™.

In particular, this holds for the Moore—Penrose pseudoinverse A" of A. If A has full column
rank, then I, — A9A = 0. Ifn =p and A is non-singular, then A9 = A~! and the solution is
unique.

The generalized inverse A9 of a matrix A € RP*" as in Definition can be characterized
using the SVD of A in Definition as per the following result.

Theorem 2.27 (Characterization of generalized inverse using SVD, [15]). Let A € RP*"
be a real matriz, with SVD

A=U, E)A g] V31, (2.36)

for orthonormal Up € RP*P and Vo € R™ ™ and non-singular 3o € R™" for r = rank(A)
as in Definition [2.23. Then, for any generalized inverse A9, as in Definition [2.25, there exists
matrices X € R™(=7) Y ¢ Rw=)x7 7 ¢ RP=1)x(=1) gych that
>t X
9 A T

A9 =V, [ 2 Z} Ul. (2.37)
In particular, the Moore—Penrose pseudoinverse A* corresponds to the case X =Y =7Z = 0.
In addition, we have that:

1. if A has full row rank (implying p > n and AT A non-singular), then At = (ATA)71AT;
and

2. if A has full column rank (implying p < n and AAT non-singular), then AT = AT(AAT)™1.

Remark 2.28 (Minimum norm solution with Moore—Penrose pseudoinverse). It fol-
lows from Theorem [2.26] by taking w = 0 that, if the linear system Ax = b admits a solu-
tion, then the minimum (Euclidean) norm solution is given by Moore-Penrose pseudoinverse
x = A*b. That is, the solution X = A*b is the minimum solution to Equation (2.33):

argmin ||x[[2 = A"b. (2.38)
x=b
In case where b does not belong to the column space of A, the linear system Ax = b does
not admit a solution. In that case though, we can discuss the “closest” solution x so that
the linear system of equation holds approximately Ax =~ b. When using the Euclidean norm
distance to measure this “closeness” of solution, this is the least squares solution.

Definition 2.29 (Least squares and ridge regression). For A € RP*" and b € RP, the
least squares solution x1,g5 € R™ to the linear system in Definition [2.24] is given by

X1s = arg min ||Ax — b||3. (2.39)
XGR"

As we shall see below in Theorem [2.30, this in fact defines a set Xig of feasible solutions. We
can similarly define the ridge regression solution x, € R" to the linear system in Definition[2.2)
as
Xy = argglin(llAX—bH% +x]3) | (2.40)
x€eR”

for some v > 0 that penalizes the Fuclidean norm of the solution.
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Note that the least squares solution in Definition is of particular interest when b does
not belong to the column space of A so that Ax = b does not admit a solution. Otherwise, xrg
is just one of the solutions to the linear system given by the generalized (e.g., Moore—Penrose)
inverse as in Theorem

It turns out that the least squares solution in Definition [2.29] may not be unique and is
characterized in the following result.

Theorem 2.30 (Characterization of least squares and ridge regression solutions).
For A € RP*™ gnd b € RP, the least squares solution xrs in Definition always exists, and
all solution are given by

xps(W) = ATb + (I, — ATA)w, (2.41)

for arbitrary vector w € R"™ and AT the Moore—Penrose pseudoinverse of A. On the other
hand, the ridge regression solution, for any v > 0 exists and is uniquely (and equivalently) given
by

x, = (ATA +4L,)'ATb = AT(AAT +4I,)"'b. (2.42)

Remark 2.31 (Minimum norm least squares solution with Moore—Penrose pseudoin-
verse). It follows from Theorem by taking w = 0 that, the minimum (Euclidean) norm
least squares solution is given by Moore-Penrose pseudoinverse xpg(w = 0) = A'b. That is,

argmin || x||s = A"b, (2.43)
XEAXLS

where A7 g is the set of feasible least square solutions as in Definition Moreover, it follows
from the SVD of A and Theorem [2.30] that

limx, = A"b. (2.44)
70

That is, the Moore-Penrose pseudoinverse solution xpg(w = 0) = A™b also corresponds to the
“ridgeless” regression solution as v — 0.

Despite arising in many scenarios when, e.g., considering the minimum norm solution to lin-
ear system or least squares in Remark and respectively, the Moore-Penrose pseudoin-
verse solution A™b can be numerically unstable, in that it does not depend on A in a continuous
fashion, as opposed to the ridge regularized inverse (ATA +~I,)"1AT or AT(AAT +4I,)"L.
This is discussed in the following remark.

Remark 2.32 (Discontinuity of pseudoinverse). The Moore-Penrose pseudoinverse A™
of A maps a (small) singular value 0;(A) to 1/0;(A) and does not depend continuously on

A. On the other hand, the regularized inverse (ATA +~I,) 'AT or AT(AAT ++1,)~! maps
oi(A)
vH+oi(A)
but shrinks to the Moore—Penrose pseudoinverse as v — 0. As an example, consider a small
rank-one perturbation A of a given matrix A having rank r with SVD A = >"1_, o;(A)u;v;

given by (the correspond SVD as)

a (small) singular value o;(A) to and depends on A in a more “continuous” fashion,

A.=A+euqv) g, (2.45)

for some small € > 0. Then, by Theorem its pseudoinverse A7 is given by

1
AF = AT + gvr+1u,T+1, (2.46)

and therefore N N
[AZ AT or(A)

= 1 2.4
JAT] e > b (247)
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for e small. On the other hand, ridge regularized inverse (ATA+~L,)1AT or AT(AAT+4I,) !
is a more “continuous” function of A since

(22 +41,)71Z4 0

(ATA +4I,) AT =V} 0 0 U}, (2.48)
so that - T - et
I(AZAc +9T,) AL — (ATA +9T,) TAT]| _ 204A) (2.49)
[(ATA +9I,)"1AT|| oi(A)Pfete ™ '

if we take v = 0(A) for some i € {1,..., min(n,p)}.
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Chapter 3

Linearizing high-dimensional
nonlinear functions

There are two motivations for the techniques described in this chapter.

1. First, many ML models are nonlinear. For instance, kernel methods extract nonlinear
features of input data by “lifting” them into some (typically infinitely dimensional) re-
producing kernel Hilbert space [27]; and neural networks perform nonlinear classification
or regression of input data by using nonlinear activation functions [16]. See ?? for more
detailed treatments of these nonlinear ML models.

2. Second, linear analysis tools (e.g., basic single-variable calculus, linear algebra, random
matriz theory, etc.) are so powerful that when we encounter nonlinear problems, a com-
mon strategy is to find and solve a related approximate linear problem.

This second motivation, of course, holds throughout applied mathematics, science, and engi-
neering; but many of the issues that arise in modern ML mean that we need to revisit these
ideas in a broader context. The standard example of this linearization approach is provided by
the Taylor expansion in calculus: given a deterministic single-variable function f : R — R, we
can approximate its behavior at a point x near a reference point 7 as

F@) = f) + P a—-r)+ LD -2

2
~ f(r) + f () (@ = 1),

where the approximation (=) in the second line holds when the function f is sufficiently smooth
so that the remaining higher-order terms are small and can be ignored. When this approximation
holds, the function f(-) is well-approximated by a linear/affine function.

In this chapter, we are interested in the generalization of these “linearization” ideas from
single-variable deterministic functions to high-dimensional random functions of the form f(x) :
R™ — R. In ML, the variable z is typically a high-dimensional vector, x € R", in which
case f(x) € R may be interpreted as a “scalar observation” of that random vector (as in
Definition of Chapter . We will discuss different approaches to assess the behavior
of the nonlinear function f(x) (or its statistics such as the expectation E[f(x)]), depending
on the properties of f(-), the random x, and the dimension n. To accomplish this, we need
to perform some sort of high-dimensional linearization. In Chapter |3.1, we will present two
different scaling regimes that are particularly relevant for modern ML. In Chapter we
will describe how the Taylor expansion approach can be applied not just to single variable
deterministic functions but also to certain high-dimensional random functions in one of these
scaling regimes. In Chapter we will describe how a more sophisticated but complementary
linearization approach can be applied in the other scaling regime. Finally, in Chapter we

33
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will introduce the idea of Linear Equivalent that unifies both approaches and propose High-
dimensional Equivalents (as in Definition [1.1]) by linearizing nonlinear functions.

3.1 Two different scaling regimes of f(x)

We start by recalling the two scaling regimes (the LLN regime and the CLT regime) that we
have reviewed in Chapter under the form of generic scalar observations of large-dimensional
random vectors.

Two scaling regimes

Definition 3.1 (Two scaling regimes). For a scalar observation f(x) of a large-
dimensional random wvector x € R™ wvia some f: R™ — R, consider the following two
scaling regimes:

1. LLN regime: this holds when f(x) establishes, for n large, a LLN-type con-
centration, strongly concentrating around a deterministic quantity, say E[f(x)], in
such a way that its distribution function becomes (asymptotically) degenerate, e.g.,
f(x) —E[f(x)] = 0 in probability or almost surely as n — oc.

2. CLT regime: this holds when f(x) establishes, for n large, a CLT-type concen-
tration, remaining random, and having a non-degenerate distribution function in
the n — oo limit, e.g., v/n (f(x) — E[f(x)]) = N(0,1) in distribution as n — oo.

In the following example, we describe how different objects from Chapter [2| (norms, inner
products, and angles) behave in two different scaling regimes (of the value of the dimension n)
in Definition B.1}

Example 3.2 (Nonlinear objects in two scaling regimes). Let x € R" be a random
vector so that \/nx has i.i.d. standard Gaussian entries with zero mean and unit variance
(the scaling by \/n is made so that E[||x||3] = 1, as in Remark , andy € R" be a
deterministic vector of unit norm ||y|| = 1; and consider the following nonlinear objects
of interest with a nonlinear function ¢: R — R acting in two different regimes:

1. LLN regime: here, we consider random variables
fun) = x> or  fun(x)=x"y, (3.1)

that establish a LLN-type concentration, as n — oo, and we are interested in the
nonlinear ¢(fLin(x)); and

2. CLT regime: here, we consider random variables

forr(x) = Va(lx|? =1)  or  ferr(x)=Vn-x'y, (3.2)

that establish a CLT-type concentration, as n — oo, and we are interested in the
nonlinear ¢( forr(x)).

The two regimes in Example follow from the two well-known convergence results (recall
from Remark on the difference scaling for inner products and norms):

1. the (strong) law of large numbers (LLN) in Theorem which implies that
|x|? > E[x'x] =1 and x'y = E[x'y]=0, (3.3)

almost surely as n — oo; and
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3.1. TWO DIFFERENT SCALING REGIMES OF F(X) 35

2. the central limit theorem (CLT) in Theorem |1.8] which implies that
Va(lx[? =1) = N(0,2) and n-x'y — N(0,1), (3.4)
in law as n — oo.

These two results can be written, as in Remark in the following more compact form:
[x]? ~14+N(0,2)/v/n and x'y~0+N(0,1)/v/n, (3.5)
for n large.

Remark 3.3 (Different possible scalings for the random variable). The two scaling
regimes (of scalar observations of large random vectors) defined in Definition[3.1]are of particular
interest when being evaluated though some nonlinear function ¢: R — R as in Example
As we shall see below in Chapter and Chapter the behavior of such nonlinear random
variables depends on different properties of ¢ in different scaling regimes.

Note also that beyond the LLN and CLT, there are other (but trivial) scaling regimes:
Consider a random vector x € R having zero mean and unit variance entries (so that ||x||* — n),
a nonlinear function ¢: R — R could act on the following scaling regimes:

1. LLN regime: frin(x) = [|x[*/n or fuin(x) = x"y//v/n; and
2. CLT regime: forr(x) = va(||x|*/n —1) or forr(x) = x"y; and

3. trivial regimes at oo: f(x) = ||x||?/C, for any C,, = o(n), for which we have f(x) =
|x||?/Cp — 00 as n — oo; and similarly f(x) = x"y/C, for any C,, = o(1), for which we
have f(x) = x"y/Cp, — 00 as n — oo.

Remark 3.4 (LLN- versus CLT-type concentration). Here and in the following, we refer
to the LLN-type results (in the first item of Example as LLN-type concentration, since
random variables of the form firn(x) = [x||? or x"y are close-to-deterministic and exhibit
deterministic-like or degenerate behavior for n large. Similarly, we refer to the CLT-type results
(in the second item of Example as CLT-type concentration, since random variables of the
form forr(x) = vn(||x||> = 1) or \/n-x"y are not close-to-deterministic; instead, they remain
inherently random and exhibit a non-degenerate distribution function for n large.

It is worth clarifying that these two categories of concentration—LLN-type and CLT-type—
are subfields of high-dimensional concentration results in the literature of high-dimensional
probability and statistics [19, |36}, |38]. These results provide a framework to describe, e.g., the
sub-gaussian tail behavior of random variable around (or away from) from their expectations.

The significance of this discussion is that the “scalings” of the two families of nonlinear
objects in Example are different (and thus their linearizations will need to be different).

1. LLN regime. For objects in the LLN regime, the nonlinear function ¢ is applied on a
close-to-deterministic quantity, in the sense that

Ix[I2?=1+0(n""?) and x"y = 04+ O(n~"/?), (3.6)

with high probability for n large, due to the dominant LLN behavior. In this case,
the familiar Taylor expansion approach (from deterministic single-variable calculus) will
suffice, even if the justification is slightly different since x is a random variable.

2. CLT regime. For objects in the CLT regime, the nonlinear function ¢ is applied on a
normally distributed random variable. As a consequence of the CLT, that is not close to
a deterministic quantity, in the sense that for n large,

Va2 = 1) ~ N(0,2) and v/ - xTy ~ A(0,1), (3.7)
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3 I 7 3 T ]
N (x) =x"y . fopr(x) = /nx'y
—_— N(0,n7") — N(0,1)

2+ 2L

1} e

ol | J ol s _..|||II|I|._.__ |

-3 0 3 -3 0 3

(a) LLN regime (b) CLT regime

Figure 3.1: Illustrations of the random variables x'y in the LLN (Figure and the CLT
(Figure regime, with n = 500. In the LLM regime, the random variable concentrates
strongly around its expected value, with very small variability; while in the CLT regime, the
random variable still have substantial variability about its expected value.

and are in particular not close the mean zero. In this case, more sophisticated high-
dimensional approaches based on orthogonal polynomials will be needed to perform the
linearization.

Figure visualizes the behavior of inner-products x'y of Example in the LLN regime
(where foin(x) = x'y ~ A(0,n7!) is almost a Dirac delta function at zero for n large)
and the CLT regime (where fcrr(x) = /nx'y ~ N(0,1) “spreads” out on the axis, on a
scale that is comparable to the range over which a “quadratic approximation” using Taylor
expansion to ¢(-) would be valid). Figure [3.2| compares the linearization (mean squared) errors
(¢(f(x)) — #(t))? by considering all possible deterministic ¢ € [~3,3], for random variables
fuin(x) and forr(x) in the LLN and CLT regime, respectively. We observe that by going over
all possible deterministic value of ¢(t),t € [—3, 3], the linearization error of ¢(fLLn(x)) in the
LLN regime can be reduced to zero, but this is not the case for ¢(fcpr(x)) in the CLT regime.
In particularly, the linearization errors for ¢(fcrr(x)) using any ¢(t),t € [—3, 3] remains rather
random, and is empirically observed constantly larger than 4.

These two different linearization approaches—via the Taylor expansion and via orthogonal
polynomials—are summarized in Table They are discussed in Chapter and Chapter
below, respectively. In particular, we will better understand the observation in Figure [3.2]
that a small linearization error can be achieved by approximating the nonlinear ¢(f(x)) in a
deterministic fashion (i.e., by ¢(¢)), but only in the LLN regime, not in the CLT regime.

3.2 Linearization via Taylor expansion

In this section, we will describe the Taylor expansion approach for linearizing nonlinear func-
tions. Although most well-known for being applied to deterministic single-variable functions,
the method also applies to certain high-dimensional random functions (basically, those in the
LLM regime).

Taylor expansion is perhaps the most popular approach to perform local linearization of a
smooth nonlinear function. Here is the basic result for real-valued functions of a single variable.
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8
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(a) LLN regime (b) CLT regime

Figure 3.2: Illustrations of the (mean squared) linearization errors (¢(f(x)) — ¢(t))? for

¢(t) = tanh(t) as in Example by searching for all possible ¢ € [—3, 3], in the LLN regime
(Figure with frin(x) = x'y and in the CLT regime (Figure with forr(x) = v/nx'y,
for n = 256, and errors are obtained over 1024 samples. We observe that while there exist de-
terministic ¢t € [—3,3] (in fact around ¢ = 0) such that the linearization error of ¢(-) can be
made small (i.e., close to zero) in the LLN regime, this is not the case in the CLT regime. In the
CLT regime, the linearization error of ¢(forr(x)) is always larger than 4, for any t € [—3, 3].

Theorem 3.5 (Taylor’s theorem for deterministic single-variable functions, [26,
Theorem 8.4]). Let ¢: R — R be a function that is at least k times continuously dif-
ferentiable in a neighborhood of a given point T € R. Then, there exists a function
hi: R — R such that

¢M(1)
k!

o'(7)

6(2) = 9(r) + ¢/ (1) (z =) +

(x—7)%+... + (a;—T)k—i—hk(x)(x—T)k, (3.8)

with limg_,» hy(z) = 0 so that hy(z)(x — 7)F = o(|z — 7|F) as x — 7.

In particular, for a deterministic single variable x, Theorem applies to assess the local
behavior of ¢(x) around = = 7+ 0(1) as a low-degree polynomial that contains both linear (i.e.,
¢'(1)(x — 7)) and nonlinear (e.g., quadratic or higher-order) components, in the sense that

/!
.
o) =o(r)+ ¢ (v — 1) + qj2(>(a: —7)2 +o(x—1)% (3.9)

In the following, we discuss how the familiar Taylor expansion approach in Theorem can
be applied to linearize certain nonlinear functions ¢ of interest, as in Example In particular,
Theorem can be applied in an operational sense to the LLN regime.

What makes the Taylor expansion approach in Theorem work? To apply the
Taylor expansion approach in Theorem to linearize a nonlinear transformation ¢(z) of the
(deterministic or random) variable x, the main technical requirements are the following.

1. Smoothness. The nonlinear function ¢ under study should be smooth (or, more prop-
erly speaking, continuously differentiable), at least in the neighborhood of the point 7 of
interest, so that the derivatives ¢'(7),¢”(7),... make sense.

2. LLN-type concentration. The variable of interest x is sufficiently close to (or, con-
centrates around, when being random) the point 7 so that the higher orders terms are
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Table 3.1: Two different scaling regimes and their corresponding high-dimensional linearization

approaches.
Scaling regime LLN regime CLT regime
. .. . Taylor expansion in Theorem Orthogonal polynomial in Theorem
Linearization technique of Chapter of Chapter
Smoothness of ¢ Locally smooth ¢ Possibly non-smooth ¢
Object of interest X
for i R+ R, f: ﬁfﬁfiﬁg Fron(x) = IXII2Ty ferr(x) = va(|lx|* — r Vi xy
N P in Equation (3.1)) in Equation (3.2))
in Example m
Linearization result ¢(frLn(x)) in Proposition E[¢(fcrr(x))] in Proposition |3.12
Object of interest . n n n n
for ;]entr -wise ¢: R{(i(IzR)p PN (Xy), X e Ry € R pcur(Vn-Xy), X eR7”"y € R
FiRP —>y]R in Ex.ample lm via observation f: R? — R via observation f: R? — R
Linearization result florn(Xy)) in PrToposition f(dcrr(v/n - Xy)) inTProposition
for f(-)=a'(-)/\/p for f(-)=a'(-)/\/p
998 neglectable (or, more properly speaking, so that the Taylor series is convergent).

999 A more detailed discussion of these two points is provided below.

w0 Extending Taylor’s theorem to high-dimensional random functions. To use Taylor’s
w01 theorem in Theorem to assess the nonlinear behavior of ¢(z) for some random variable z,
w02 e.g., as those in Example it suffices to show that order control (i.e., the o(z — 72) term in
w03 Equation ) holds with some (high) probability. Here is the basic result for the two families
1004 of nonlinear examples from Example in the LLN regime.

ws  Proposition 3.6 (Taylor expansion of high-dimensional random functions in the LLIN
1w regime). For random variable frin(x) = ||x||?, with /nx € R"™ having i.i.d. standard Gaussian
wor  entries, in the LLN regime (as in the first item of Ezample , it follows from the LLN that
ws  ||x)|2 =1 = 0, and from the CLT that ||x||?> — 1 = O(n~/?), with high probability for n large.
woo  Thus, it follows from Theorem[3.5 and the differentiability of ¢ that

1
1010 o(1xI1*) = 6(1) + ¢'(1) (Ix]1° — 1) +56" (1) (IxI* - 1)° +0(n /%), (3.10)
O(n1/2) O(n1)
(n n

won with high probability. Similarly, for random variable frin(x) = x'y with ||y|| = 1, it follows
w012 that

T _ / T 1 " T.\2 -3/2
oxTy) = 6(0) +¢(0) Xy +56(0) Ty +O(n~"), (3.11)
O(n=1/2) O(n—1)

014 again as a consequence of X'y — 0 almost surely by the LLN and /n - X'y LN N(0,1) in
w15 distribution by the CLT as n — oo, where the orders O(n~*) hold with high probability for n
w16 large.

Remark 3.7 (Delta method). By ignoring second and higher-order terms in Proposition
the results in Equation (3.10) and Equation (3.11]) can be rewritten as

Vi (6(Ix]%) = (1) % N (0,2(6(7))?).
Vi (66<Ty) = £(0)) 5 N (0,(¢/(7)?).
w17 This is known in the literature as the Delta method; see, e.g., [35, Chapter 3].

1018 In the following, we discuss in more detail the two working assumptions of Theorem
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Smoothness assumptions. Regarding the smoothness assumption, one can relax it. For
example, for a non-smooth and nonlinear function ¢, one can evaluate the expected behavior
E[¢(x)] of ¢(z), for  being random. While the function ¢ may not be differentiable everywhere
(and in particular, in the neighborhood = = 7 of interest), it can still have almost everywhere
weak derivative ¢’ (in the sense of distributions, see for example |31, Section 3] for an introduc-
tion) such that

/ ¢ ()u(dt) = B¢ (x)] < oo, (3.12)

exists, for random variable z having law . In a sense, for non-differential ¢, ¢’ does not exists
in the sense of ordinary functions, but we can still define such derivative of ¢ in a weak sense,
so long that the integral [ ¢'(t)u(dt) exists for some (signed) Borel measure f.

A concrete example of this in the case of a standard Gaussian z is known as Stein’s lemma,
which states: For standard Gaussian random variable z ~ N(0, 1), we have that

E[¢/(z)] = Elzé(x)], (3.13)

as long as the right-hand-side term is finite. The proof of this result follows from the integration
by parts formula as

Elzé(z)] = / 16 (D) u(dt) = / o(t) !

1
V2T V2T
1

2
with standard Gaussian measure p(dt) = ﬁe_t?dt. This result allows one to assess the

At =Bl (), (3.14)

te~5 dt = /¢>’(t)

expectation E[¢/(x)] for standard Gaussian x and weakly differentiable ¢.

LLT-type concentration assumption. The LLN-type concentration assumption is a more
intrinsic limitation of the Taylor expansion approach, as this approach allows one to assess only
the local behavior of the nonlinear function ¢(x) around some = = 7.

A concrete example of this arises in the proof of Proposition which strongly relies on the
fact that both ||x||> — 1 and xTy are of order O(n~'/?) with high probability, which happens in
the LLN regime. Otherwise, the higher-orders terms in T heorem cannot be ignored (at least
with high probability). In particular, in the CLT regime, the nonlinear function ¢ is applied
on Gaussian random variables that do not exhibit this type of strong concentration around any
deterministic quantity (in the sense that the random fluctuation vanishes, e.g., as the dimension
n grows). In this setting, it no longer makes sense to apply the Taylor expansion approach in
Theorem since the higher-order terms cannot be ignored.

3.3 Linearization via orthogonal polynomial expansion

In this section, we will discuss a different linearization method, the orthogonal polynomial ap-
proach, which can be applied to high-dimensional random functions, in particular those in the
CLT regime. Among other things, this approach allows one to characterize the behavior of
the nonlinear function E[¢(x)] of random variable x that, in particular, does not strongly con-
centrate around a point of interest 7, and instead exhibits a CLT-type concentration. These
functions cannot be linearized using Taylor expansion technique in Theorem due to their
“non-LLN-type concentration” and the “non-smooth” properties of such .

To understand the orthogonal polynomial approach, we can take, for random z, a functional
analysis perspectiveﬂ on the expectation E[¢p(x)]. This is different from the Taylor expansion

5See 35, Chapter 2] for a detailed proof.

"That is, we use ideas from deterministic functional analysis to assess and explain the expected behavior of
nonlinear random variables (e.g., in the CLT regime of Example . This should be compared and contrasted to
the use of deterministic Taylor expansion to treat random but close-to-deterministic nonlinear random variables
(e.g., in the LLN regime of Example .
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perspective that we saw in Chapter [3.2] that viewed ¢ as a mapping from R — R,

A functional analysis perspective of E[¢(x)]. Consider the following functional analysis
perspective of the expectation E[¢(x)]. For a generic random variable = following some law ,
the expectation E[¢(z)] of the nonlinear transformation ¢(z) can be expressed as

Eyople / o(t)p(dt). (3.15)

This corresponds to the integral of ¢ with respect to the probability measure u, for some
(deterministic) ¢ living in some (possibly infinite-dimensional) function space.

We know that, in the case of Euclidean space (reviewed in Chapter [2| recall Remark ,
the canonical vectors e, ..., e, form an orthonormal basis of R"; and thus any vector x living
in the Euclidean space R™ can be expanded as

X = Zn: x e)e; = leel, (3.16)
i=1

with the inner product (see Definition x'e; = z; being equal to the ith coordinate of x. A
similar result holds more generally. In particular, for a function f living in some (potentially
infinite dimensional) function space, such an f can be expanded into the sum of “orthonormal”
basis functions, weighted by the projection of f onto these basis functions.

The concepts of inner products for functions, families of orthonormal functions in some
Hilbert space, and the corresponding orthogonal polynomial expansions are made precise in the
following definition.

Orthogonal Polynomials and Orthogonal Polynomial Expansion

Definition 3.8 (Orthogonal polynomials and orthogonal polynomial expan-
sion). For a probability measure u, define the inner product between two functions ¢ and

P as
= [$@)w(@)n(ds) = Eb@u (o), (317)
for x ~ p. We say that {Py(x),¢ > 0} is a family of orthogonal polynomials with
respect to this inner product, obtained by the Gram-Schmidt procedure on the monomials
{1,2,22,...}, with Py(z) = 1, if P, is a polynomial function of degree £ that satisfies
<P517P€2> - E[Pfl (x)PEQ (l’)] = 5€1=52' (318)

Then, for any function ¢ € L?(u), the orthogonal polynomial expansion of ¢ is

) ~ Y agePo(x), age= / o(x) Py(z) p(dzz). (3.19)
=0

In Deﬁnitionm we used the notation “¢ ~ > ag.cP” to denote that Hqﬁ—Zf:O ag0 Pyl —
0 as L — oo with H¢5||2 (¢, ¢), or equivalently

L 2 L 2
/ (¢(t> 5 a@gpg(t)) p(dt) = Eany <¢(m) =S a¢;gpg(m)> o0, (3.20)
=0 £=0

written in the form of a nonlinear random variable ¢(z). It follows from the Riesz-Fischer
theorem (see [26, Theorem 11.43]), that if the family of orthogonal polynomial {Fy(x)}p2,
forms a orthonormal basis of L?(u1), the set of all square-integrable functions with respect to
(-,+), then we can expand any ¢ as in Equation (3.20)).
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Table 3.2: Correspondence between expansions in Hilbert versus Euclidean space.

Type of space: Euclidean vector space Hilbert functional space
Definition and notation: R™ in Definition L?(p) in Definition
T n _
X'y =3 Tl (.4),, = [ o(@)¢(z)u(dz),
Inner products (and norms): =1 H
( ) Il = x"x 1612 = (6,6),
Expansion: x=>" (x"e)e; =31 xie; d(x) ~ Y pp GoePre()

Remark 3.9 (Expansion in Hilbert versus Euclidean space). We can compare Defini-
tion for the expansion of functions living in some (infinite-dimensional) Hilbert space, to
that for (finite-dimensional) Euclidean vector space in Definition We observe the following
correspondence:

1. the inner product in Equation (3.17)) between functions (measured by i) extends the inner
product in Definition [2.1] between Euclidean vectors;

2. the norm |||, of some function extends the Euclidean norm of a vector in Remark
and both present the total “energy” (of the function ¢, when measured by the “weight
function” p, and of the finite-dimensional Euclidean vector); and

3. the expansion of functions into in Equation (3.19)) extends the canonical basis expansion
of Euclidean vectors in Equation (3.16]).

See Table for an summary of these correspondences. As we shall below, the expansion in
Hilbert functional space plays a crucial role in evaluating nonlinear random variables of the
form ¢(forr(x)), for forr(x) = vn(||x||? — 1) or feur(x) = v/n - x"y in the CLT regime as in
the second item of Example

As a specific type of expansions in Hilbert functional space, the orthogonal polynomial
expansion given in Equation provides the basis for a more sophisticated linearization
technique that allows one to assess the behavior of E[¢(z)] for not-close-to-deterministic scalar
random variable x, such as the scalar observation x = fcrr(x) in the CLT regime. An example
of this is provided by = = forr(x) = /n-x'y ~ N(0,1) with |ly|| = 1 and y/nx € R" having
standard Gaussian entries, where there is non-trivial probability that the Gaussian random
variable z = forr(x) = /n-x'y is “spread out” on the real line.

Hermite polynomial expansion. When one is interested in the Gaussian measure, u(dz) =
exp(—22/2)/v/27, the natural family of orthogonal polynomials to consider is the normalized
Hermite polynomial family. Here is the definition.

Theorem 3.10 (Hermite polynomial expansion, [26, Theorem 11.43]). For z €
R, the (" order normalized Hermite polynomial, denoted He,(z), is given by given by
x2

Heg(z) =1 dH()—(*N%dn ), fore>1 (3.21)
eolx) =1, an egx—\/ae dx”e , Jor £ > 1. .

The (normalized) Hermite polynomials

1. are orthogonal polynomials, and (as the name implies) are orthonormal with respect
the standard Gaussian measure, in the sense that

/Hem(x)Hen(x)u(dac) = Onms (3.22)

2
for p(dt) = \/%e_t?dt the standard Gaussian measure;
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(a) First four Hermite polynomials.

(b) First- and second-order Hermite polynomial
weighted by Gaussian measure.

Figure 3.3: Hlustration of the first four Hermite polynomials as in Theorem (Figure 3.3al)

and of the first- and second-order Hermite polynomial (He; and Hes) weighted by the Gaussian

measure p(dr) = exp(—x?/2)/v/2n (Figure [3.3b)).

2. form an orthonormal basis of L*(11), the Hilbert space consist of all square-integrable

functions with respect to the inner product (¢p,¢) = [ ¢(x)¢(z)pu(dz); and

can be used to formally expand any ¢ € L?(u) as
6(0) ~ Y agllen(o).  ags = [ ofaHer(o)u(dn) = Elp(@Hen(a),  (3:23)
=0

where we use ‘¢ ~ Y2 agHep” as in (3.20) of Deﬁm’tion for standard Gaus-
sian random variable x ~ N(0,1). The coefficients ass are generalized moments
of the standard Gaussian measure p involving ¢, and we have

ag0 = Epono,1)[0(2)],

as well as

ve =E[¢*(x)] = > ady.
/=0

ag = Elzo(z)],

\/§a¢;2 = E[x2¢(ﬂf)] — Q05

(3.24)

(3.25)

in the sense that the (Hej,Hey) = [ Hey(z)Hes(z)pu(dz) = 0.

As an example of the Hermite polynomials, see Figure In Figure we display the
first four (normalized) Hermite polynomials. This is in the spirit of the expansion into Fourier
basis commonly used in time-frequency analysis (see for example [30]), with the functions now
being evaluated with respect to the Gaussian measure p. In Figure we depict the first- and
second-order Hermite polynomial (He; and Hey), but weighted by the Gaussian measure p(dz) =
exp(—22/2)/v/2r. Comparing Figure m to Figure we see that the two (normalized)
Hermite polynomial He; and Hey are indeed “orthogonal” to each other when measured by u,

Remark 3.11 (Gegenbauer polynomials and beyond). While Hermite polynomials are
probably of greatest interest in ML, we should emphasize how they arise. They arise due to
the Gaussian fluctuations in the random variable being linearized. For other ML models with
different noise fluctuations, other orthogonal polynomials would be appropriate For example,
a different, yet closely related, family of orthogonal polynomial, the Gegenbauer polynomial,



1124

1125

1126

1127

1128

1129

1130

1131

1132

1133

1134

1135

1136

1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

1148

1149

1150

1151

1152

1153

1154

1155

1156

1157

1158

1159

1160

1161

1162

1163

1164

1165

1166

3.3. LINEARIZATION VIA ORTHOGONAL POLYNOMIAL EXPANSION 43

arises naturally in the evaluation of x]x; for independent x;,x; ~ Unif (Sp_l(\/f))) uniformly
drawn from the p-dimensional sphere of radius /p. See [23] for an application of the family of
Gegenbauer polynomial in neural networks, and [14, 32| for more details on general orthogonal
polynomials (beyond Hermite and Gegenbauer).

The Hermite polynomial expansion in Theorem allows one to approximate, for standard
Gaussian random variable z ~ N(0,1), the expectation E[¢(z)] of square-integrable nonlinear
(and in particular, possibly non-polynomial) function ¢(z) using a (sufficiently high-order)
polynomial function,

L
P(x) ~ ¢(x) = Z agHeg(x). (3.26)
=0

This can be done, in particular, in the CLT regime, where needs to evaluate the expected
nonlinear behavior of ¢(-) applied on, e.g., the inner-product of the type \/n - x'y that admits
an asymptotically Gaussian behavior.

With Theorem [3.10, we get the following linearizations in the CLT regime.

Proposition 3.12 (Hermite polynomial expansion of high-dimensional random func-
tions in the CLT regime). For random variable forr(x) = v/n - (||x||? — 1), with \/nx € R"
having i.i.d. standard Gaussian entries, in the CLT regime (as in the second item of Eram-
ple[3.9), it follows from the CLT that fcrr(x) ~ N(0,1) in law as n — oo. Thus, it follows
from Theorem that

Elp(vn - (|Ix]I* = 1))] = Epono,n) [6(2)] + 0(1) = ago +o(1), (3.27)

with high probability, where o(1) denotes quantity that goes to zero as n — oo. Similarly, for
random variable forr(x) = /n-x'y with ||y|| = 1, it follows that

El¢(vn - x"y)] = Epono,n[d(x)] = ago, (3.28)

where we do not have the error term o(1) since v/n-x'y ~ N(0,1) for any n.

Proposition presents the high-dimensional linearization in the CLT regime via the Hermite
polynomial expansion. This approach should be compared and contrasted with that of Propo-
sition [3.6, which presents the high-dimensional linearization in the LLN regime via the Taylor
expansion method. The distinction between these two methodologies is elaborated upon in the
following remark.

The idea of orthogonal polynomials in Definition [3.8] and Theorem [3.10] applies to other
nonlinear forms beyond the simple expectation E[¢(z)]. In particular, it applies to nonlinear
forms that involve large-dimensional random vectors and matrices. See Chapter below for
an in-depth discussion on its use in assessing nonlinear random vectors and 77 for an exposition
with applications to ML.

Remark 3.13 (Different scalings, Taylor expansion versus orthogonal polynomial).
We can compare and contrast the two linearization approaches of Taylor expansion (in Theo-
rem and orthogonal Hermite polynomial expansion (in Theorem , to assess the nonlin-
ear objects in Example [3.2]in the LLN and CLT regimes, respectively. Recall from Example
that for a random vector x € R™ such that /nx has i.i.d. standard Gaussian entries, a deter-
ministic y € R™ of unit norm ||y|l2 = 1, we have x"y ~ A(0,n") so that

fun(x) = x'y=0+0(n"1?),
farr(x) = Vn-x'y ~N(0,1).

We are interested in the behavior of ¢(frin(x)) and ¢(fcrr(x)), and in particular, how they
depend on the nonlinear ¢: R — R. We have the following.
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1. In the LLN regime, by Taylor expansion (of nonlinear LLN random variables) in Propo-
sition any pair of smooth function ¢, v with ¢(0) = 1(0) satisfies

d(fLin(x)) = ¥(frn(x)) + O(n~Y?), (3.29)

with high probability for n large. Thus, the two random variables, ¢(fLLn(x)) and
Y(fuin(x)), are close as long as the two nonlinear functions ¢ and v coincide at 0.

2. In the CLT regime, by Hermite polynomial expansion in Proposition for ¢,y

having the same zeroth-order Hermite coefficient ago = Elp(z)] = ayp,o = E[y(z)] with
z ~N(0,1),
E[p(ferr(x))] = E[(forr (x))]- (3.30)

This is by no means surprising, as it is a consequence of the definition ago = Elp(z)] =
A0 = EW}(%)]

In order to understand Remark better, we provide in the following a concrete example

of the two linearization approaches.

Example 3.14 (Two different linearizations of tanh in two different scaling
regimes ). As a concrete example of Remark consider the hyperbolic tangent func-
tion ¢(t) = tanh(t). It follows from the discussions in Remark[3.13 that this nonlinear
function is “close” to different quadratic functions in different regimes of interest. More
precisely, for a random vector x € R™ such that \/nx has i.i.d. standard Gaussian entries,
a deterministicy € R™ of unit norm ||y|l2 = 1, we have the following.

1. In the LLN regime, we have for fiin(x) = x'y that

tanh(frin(x)) ~ LN (fuan(x)),

with YrN(z) = 22 /4. This is as a consequence of tanh(x = 0) = rn(z = 0) = 0.
In particular, we also have Etanh(frin(x))] ~ E[¢(fun(x))] as a result.

2. In the CLT regime, we have for forr(x) = /n-x'y that

Eftanh(fcrr(x))] = E[vcrr (forr(x))]

in expectation, with now Yrin(x) = 22 — 1, i.e., with a different function. This is
a consequence of the fact that their zeroth-order Hermite coefficient ag = 0.

Figure visually compares the behavior of tanh(fLin(x)) and tanh(fcrr(x)), in the
LLN and CLT regime.

3.4 Linearization of f(¢(x)) with Linear Equivalent

In this section, we discuss how the linearization techniques (of Taylor and orthogonal polynomial
expansions) for scalar variables extend to multivariate vector variables ¢(x) for some ¢: R™ —
R™ that applies entry-wise on the random vector x € R™, when their scalar observations of the
form f(¢(x)) are considered, as in the bottom half of Table Recall that Example and
Chapters [3.2] and focus on Taylor expansion and orthogonal polynomial expansion for scalar
nonlinear random variables of the form ¢(f(x)) for f: R — R (such as inner products and
norms of vectors in Example and ¢: R — R, in the two different LLN and CLT scaling
regimes. Here, we show that these two technical approaches extend beyond the case of scalar
nonlinear random variables like ¢(f(x)) to nonlinear random vectors ¢(x) with entry-wise ¢,



1191

1192

1193

1194

1195

1196

1197

1198

1199

1200

1201

1202

1203

1204

3.4. LINEARIZATION OF F(¢(X)) WITH LINEAR EQUIVALENT 45

3 Ir T al 3 T g
—frn(x) =xy . fopr(x)=Vnoxy
9| — ¢(t) = tanh(t) 9l —  ¢(t) = tanh(t)
— YLun(t) = 17/4 — Your(t) =t -1
1 — wLLN(t) = - t2 1L — '(/)CLT(t) = oz(x2 — 1)
0 0
-1t I J -1t J
-3 0 3 -3 0 3
(a) LLN regime (b) CLT regime

Figure 3.4: Different behavior of nonlinear ¢(frin(x)) and ¢(fcrr(x)) for ¢(t) = tanh(t) (in
blue) in the LLN and CLT regime, with n = 500. We have ¢(frin(x)) ~ ¢¥riNn(fuin(x)) in the
LLN regime (as a consequence of ¢(0) = ¥rn(0) = 0) and E[¢(ferr(x))] = E[vcrr(forr (x))]
in the CLT regime (as a consequence of ag.0 = Gy 0 = 0), with different quadratic functions
Yrn(t) = t2/4 and epr(t) = t2 — 1 = /2Hes(t) in red. Note that the these linearizations
(in the two different regimes respectively) are not unique and all functions in dashed green are
also valid linearizations.

and in particular, their scalar observations f(¢(x)) via some f: R™ — R. This can be done by
studying the associated Linear Equivalent, defined as follows.

Linear Equivalent

Definition 3.15 (Linear Equivalent). For a random vector x € R"™, its nonlinear
transformation ¢(x) € R™ is obtained by applying ¢: R™ — R™ entry-wise on x. Consider
f(p(x)) a scalar observation of ¢(x) € R™ wia observation function f: R™ — R, we say
that the random vector X4 (defined on an extended probability space if necessary) is an
(e,6)-Linear Equivalent of the nonlinear ¢(x) if, with probability at least 1 — 6(n) that

|f(o(x)) — f(xg)| < &(n), (3.31)

for some non-negative functions £(n) and §(n) that decrease to zero as n — oo. This, in
the limit of n — oo, leads to

f(o(x)) — f(xg) =0, (3.32)

wn probability or almost surely, and we denote

$(x) & %4 (3.33)

The Linear Equivalent in Definition [3.15]is a special case of the High-dimensional Equivalent
in Definition [I.1] for vectors.

As expected, the nonlinear object of interest, as well as the corresponding Linear Equivalent
in Definition depends on whether the nonlinear ¢: R — R is applied to (the entries of) the
random vector x in the LLN or the CLT regime (see Definition , as illustrated in Example
for ¢(frn(x)) versus ¢(forr(x)). We should resort to the Taylor expansion in Chapter [3.2] for
the LLN regime and the orthogonal polynomial expansion approach in Chapter [3.3] for CLT
regime, respectively.

In Algorithm [I] and we present algorithms based on Taylor and Hermite polynomial
expansions discussed in Chapter[3.2and Chapter|[3.3] to construct Linear Equivalent for f(¢(x)),
in the LLN and CLT regime, respectively.
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Algorithm 1: Linear Equivalent for f(¢prn(x)) in the LLN regime

Input: Nonlinear random vector ¢pn(x) € R™ in the LLN regime so that the entries
of x satisfy z; = 7 for ¢ € {1,...,n} and its scalar observation f(¢rin(x)) of
interest.

Output: Linear Equivalent X4, R ¢(x) when f(¢rrn(x)) is considered.

In the LLN regime, call Theorem [3.5| to linearize the i’ entry of ¢rn(x) as

PN (i) = GLLN(T) + PN (T) (2 — 7) + %%LN(T)(% -7+ +e,

to some desired linearization error ¢;
return Xy = OLIN(T) - 1 + O (7)) (X — 7 1,) + ... such that with high probability
[PLLn (%) — Xg[loo = €.

Note that

1. in the LLN regime in Algorithm|I} the linearization and corresponding Linear Equivalent of
¢1LN(x) only depend on the entry-wise non-linearity ¢r N, in particular its local behavior
around the point of LLN-concentration ;

2. in the CLT regime in Algorithm [2] the linearization and corresponding Linear Equivalent
of ¢crr(x) depend on

(a) the distribution of the random vector x (which determines the family of orthogonal
polynomials, see, e.g., Remark for a discussion); and

(b) the number (and in fact form of the one or more) of scalars observations f;(-) of the
nonlinear ¢ (X).

In the following, we extend the scalar nonlinear objects in Example to scalar observations
of nonlinear random vectors, in both the LLN and the CLT regime.

Also, note that Example in NOT in perfect parallel to Example since here we only
consider the inner product as objects, so let us discuss.

Example 3.16 (Scalar observations of nonlinear random vectors in two scaling
regimes). Let X € RP*" be a random matriz so that /nX has i.i.d. standard Gaussian
entries with zero mean and unit variance (the scaling by \/n is made so that the rows
x] € RY™ of X satisfy E[||x;]|]2 = 1 as in E:l:ample and Remark, andy € R", a €
RP be deterministic vectors of unit norm ||y|| = 1,||al| = 1; and consider the following
scalar observations of nonlinear random wvectors with observation function f: RP — R
and entry-wise nonlinear function ¢: RP — RP acting in two different regimes:

1. LLN regime: here, we consider f(¢rin(Xy)) = aTgbLLN(Xy)/\/f?; and
2. CLT regime: f(¢crr(vn-Xy)) = a'¢crr(vn - Xy)/ /b,

where we consider the scalar observation f(-) = a'(:)/\/p,||lall2 = 1 as an illustrating
example, among those thoroughly discussed in Chapter[1]

Remark 3.17 (Example versus Example [3.2]). Comparing Example for vectors
to Example [3.2] for scalars, we remark that:

e Here in Example the i*" entry of the (entry-wise) nonlinear random vector ¢rrn(Xy)
and ¢crr(Xy) is nothing but a scalar non-linearity ¢: R — R acting respectively on scalars
x'y and y/n - x"y in the LLN and CLT regime as in Example
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Algorithm 2: Linear Equivalent of f(¢cpr(x)) in the CLT regime

Input: Nonlinear random vector ¢crr(x) € R™ in the CLT regime with, e.g., standard
Gaussian x ~ N(0,1,,) and its K scalar observations

f1(¢CLT (X)), f2<¢CLT (X)), ey fK<¢CLT (X)) Of interest.

Output: Equivalent X4, . Rt (x) when the joint behavior of

f1 (¢CLT (X)), ey fK(¢CLT (X)) is considered.
Initialize Xy < Op ;
for i=1to K do
if fi(porr(x)) # ||écrr(%)||?/n is not the (squared normalized) norm of ¢crr(X)
then
introduce the i** Hermite polynomial P;(x) of x as defined in Equation {) of

Theorem

determine the corresponding coefficient a,; via Hermite polynomial expansion
of ¢crr as in Equation , so that fi (Xpor + 04 Pi(x)) =~ fi(pcrr(x));

set Xporm ¢ Xporr T QgL (X);

else

introduce a fresh random vector z € RP having i.i.d. standard Gaussian entries
and independent of x;

determine the corresponding coefficient 3 so that f;(X¢q . + 82) =~ fi(¢crr (%))

for fi(pcrr(x)) # |¢cr(x)|?/n, by setting 8 = \/’/¢ — E[x{pXcrr]/n with

vy defined in Equation 1'

set i¢CLT — 5{¢CLT + Pz;
end

end

e While in Example we focus on inner products (between the rows of X and y), norms
(as in Example can be studied similarly.

e Different from Example where the randomness comes from the vector x € R", here
in Example the randomness comes from the matriz X € RP*™ that involves two
dimensions n and p. Intuitively, the dimension n plays the same role as in Example
and leads to LLN- or CLT-type concentration of the entries of Xy or /n - Xy, on which
¢LLN or ¢crr is applied; on the other hand, the dimension p should also be large, so that
the scalar observation f(-) = a'(-)/\/p concentrates, as discussed in Chapter |1l (In this
sense, the scalar observation f(-) is chosen so that it establish LLN-type concentration.)
So, here in Example we are working in the RMT proportional regime as n,p — oo
together.

We describe next how the Taylor expansion approach in Theorem and the orthogonal
Hermite polynomial expansion approach in Theorem discussed in previous sections apply
to linearize (the observations of) the nonlinear random vector ¢(Xy) and get the corresponding
Linear Equivalent in Definition [3.15

Taylor expansion for Linear Equivalent in the LLN regime. We first evaluate the scalar
observation f(-) = a'(-)/\/p of the nonlinear random vector ¢rx(Xy) in the LLN regime, as
in the first item of Example Its corresponding Linear Equivalent can be obtained using
Taylor expansion in Theorem and is given in the following result.

Proposition 3.18 (Linear Equivalent in the LLN regime). Let X € RP*™ pe a random
matriz so that «/nX has i.i.d. standard Gaussian entries with zero mean and unit variance, and
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y € R", a € RP be deterministic vectors of unit norm ||y|| = 1, ||a|| = 1, the following Linear
Equivalent (Deﬁm’tz’on holds in the LLN regime (as in the first item of Example :

S1ix(Xy) & drin(0) - 1, + ¢h1x(0) - Xy, (3.34)

Ol 0o (1) O floo (n71/2)

for scalar observation f(-) =a'(-)/\/p, up to some error of order o(1/\/np).

Proof of Proposition[3.18. To prove Proposition [3.18] note that for y of unit norm and X having
ii.d. Gaussian entries of mean zero and variance 1/n, we have that the entries of Xy are i.i.d.
Gaussian of mean zero and variance 1/n, so that

Xyl = O(n™1/2), (3.35)

with high probability for n large. As such, the nonlinear ¢r,x applied on the entries of Xy in
the LLN regime, with point of LLN-concentration 7 = 0. We then proceed as in Algorithm
to Taylor expand, for n large, the it" entry of the nonlinear random vector ¢rn(Xy) as

PLin(x]y) = ¢Lin(0) + S1n(0)(x{y) + O(n™"), (3.36)

where we denote x; € R'*™ the i'" row of X € RP*". This leads to the infinity norm approxi-
mation of ¢rn(Xy) as

GLLN(Xy) = SLin(0) - 1 + ¢ (0) - Xy +0) . (n7h), (3.37)

Ol (1) O oo (n71/2)

for O”.Hw(n*l) a vector having infinity norm of order O(n~1) with high probability. As such,
we have, for the scalar observation f(-) =a'()/,/p of ¢(Xy) that

a’oLin(Xy)/vn = ¢Lin(0) @' 1, /\/p+d1n(0) @' Xy /\/p +o(1//np), (3.38)
e N’
o(1) O(1/y/np)

where we used the fact that a'Xy = >7_, Z?:l aiyj Xij ~ N(0,n71) as the weighted sum of
np independent Gaussian random variables. This concludes the proof of Proposition [3.18 [

Hermite polynomial expansion for Linear Equivalent in the CLT regime. Now,
we evaluate the (same) scalar observation f(-) = a'(-)//p as above, but of the nonlinear
random vector ¢cpr(y/n - Xy) in the CLT regime, as in the second item of Example
Its corresponding Linear Equivalent can be obtained using Hermite polynomial expansion in
Theorem |3.10[ and is given in the following result.

Proposition 3.19 (Linear Equivalent in the CLT regime). Let X € RP*" be ¢ random
matriz so that \/nX has i.i.d. standard Gaussian entries with zero mean and unit variance, and
y € R" a € RP be deterministic vectors of unit norm |y|| = 1, ||| = 1, the following Linear

Equivalent (Deﬁnitz’on holds in the CLT regime (as in the second item of Example .'

¢CLT(\/'7LXY) i* ag,¢ * lpa (3.39)
for scalar observation f(-) =a'(-)/\/p, up to some error of order O(p~1/2.

Proof of Proposition[3.19. To prove Proposition note that for X € RP*" with i.i.d. stan-
dard Gaussian entries with zero mean and variance n~!, and y € R” of unit norm, the random
vector /nXy € RP has standard i.i.d. Gaussian entries of zero mean and unit variance, so that
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1280 the nonlinear ¢crr applied on the entries of /nXy in the CLT regime. We then proceed as
11 in Algorithm [2| Tt follows from Theorem that, for the i" entry of the nonlinear random
2 vector ¢cpr(y/nXy), we have the following formal expansion

[o.¢]
1283 doLr(Vnx]y) ~ Z a¢;gHeg(\/ﬁxiTy), (3.40)
(=0

1284 where we denote x;r € RY>™ the it row of X, and agy the ¢*h Hermite coefficient of dcLr-

1285 At this point, note from Equation that the approximation of (the i** entry of) the
1286 nonlinear random vector f(y/nXy) in the CLT regime with Hermite polynomial is only “ac-
17 curate” as the degree L — oo. As such, the direct accurate approximation of ¢ using the
1288 orthogonal polynomial framework comes at the cost of computing a large (or even an infinite)
120 number of coefficients ag,,. While it is possible to simplify such approximation by making addi-
1200 tional regularity assumption on ¢crr so that, e.g., the coefficients ag,, decay sufficiently fast as
o £ grows large and that the higher-orders terms can be ignored in the approximation, not much
122 more can be said in the general case, for the nonlinear random vector ¢crr(v/nXy).
1203 On the other hand, recall from Proposition that, (very) simple Hermite polynomial ex-
1204 pansion exists for the ezpectation E[¢pcrr(y/nx"y)] of the nonlinear random variable ¢crr(v/nx'y),
1205 which depends only on the zeroth-order Hermite coefficient of ¢crr. This, together with the
1206 fact that scalar observations (at least those discussed in Chapter [} including the linear map
w7 f(-) = a'(-)/y/p) of large-dimensional random vectors concentrate around their expectations,
108 allows one to prove Proposition |3.19

Precisely, recall that \/nXy ~ N (0,L,), it follows the LLN and CLT that

f(dcrr(vnXy)) = a' peur(vaXy)/v/p = a' Elpcur(vaXy)] /b +0(p~?)

o(1)
= G¢;0 - aTlp/\/ﬁ +O(p_1/2),
———
o)
1200 with high probability for p largeﬁ This concludes the proof of Proposition ]

100 Remark 3.20 (Proposition versus Proposition ). Comparing the Linear Equiv-
1301 alents in Proposition [3.18]in the LLN regime to Proposition [3.19]in the CLT regime, we observe
1302 the following.

1303 e The two Linear Equivalents are similar, in that they are (in their first order) both pro-
1304 portional to the vector of all ones.

1305 e The two results are different, in that:

1306 1. Proposition performs a local Taylor expansion of ¢ n in the LLN regime around
1307 0, the point of LLN-concentration, so that the obtained Linear Equivalent depends on
1308 érLN only via its local behavior, while that in Proposition [3.19]in the CLT regime is
1300 obtained via the Hermite polynomial expansion, and depends on the global behavior
1310 of ¢crr (e.g., via its zeroth order Hermite coefficient ay,0); and

1311 2. the form of the Linear Equivalent in the LLN regime in Proposition [3.18]is indepen-
1312 dent of the observation f(-) (note that the derivation of Proposition holds for
1313 any f(-)), while that in the CLT regime in Proposition and Algorithm 2| relies
1314 on the computation of the expectation of E[f(-)] and thus depends on the form of f.
1315 See Example below for an example.

8Note that the LLN-type concentration of f(¢crr(vnXy)) = E[f(écrr(v/nXy))] + O(p~/?) is not a conse-
quence of the Hermite polynomial expansion, and needs be proven separately using, e.g., LLN and CLT.
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Example 3.21 (Linear Equivalent in the CLT regime: random observation function).
Under the same notations and settings as in Proposition[3.19 but for random observation func-
tion

FO)=y"XT()/Vn, (3.41)
that is assumed to establish LLN-type concentrate around its expectation up to some error (n,p)
forn,p largeﬂ the following Linear Equivalent (Definition holds in the CLT regime (as
in the second item of Fxample :

dcrr(vViXy) & agy - ViXy. (3.42)
Proof of Example[3.21 To prove Example|3.21} note that /nXy ~ N(0,1,) in the CLT regime,

so that by the (assumptlon of) LLN-type concentration , it remains to compute the following
expectation

E[f(¢crr(vnXy))] = TE[ y' X e (vnXy)) %Z (Vx| y)écrr(Vnx]y)] = B‘%;l’

(3.43)
with high probability up to some error e(n,p), for /nx]y ~ N(0,1). Note that this Linear
Equivalent is different from that in Proposition [3.19)). Similarly, we have

1
NG

where the error term O(,/p/n) arises due to the following concentration of y T X Xy:

p p
yT X7 (al,f . \/ﬁXy) =ayy- y EXTX]y + O ({) = %%;1 +0 <\nf) , (3.44)

yTXTXy = Y0 = DI+ 0 (Vi %) =y BXTXly+0 (Y. (345
=1

i=1
per the LLN and CLT, where x;r € RY™ ig the i*" row of X € RP*™. O

The fact that in the CLT regime, linearization and the corresponding Linear Equivalent depend
on the observation function, as we shall see in 7?7, plays a crucial role in linearizing nonlinear
random matrices.

9Note that this concentration result looks like, but is formally different from that of quadratic or nonlinear
quadratic forms in Theorem and Theorem |1.24] and needs be proven separately.
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Part 11

Four ways to characterize sample covariance
matrices

In this Part, we move on to consider the behavior of random matrices, starting with the
fundamental object of the sample covariance matrix (SCM)E Let’s say we are given n inde-
pendent centered data samples, x; € RP, with E[x;] = 0, and E[x;x]] = C. From this, one can
construct a data matrix X = [x1,...,X,] € RP*" the SCM of which is defined as follows.

Sample Covariance Matrix (SCM)

Definition 4.22 (Sample Covariance Matrix, SCM). The SCM C € RP*? of data
matriz X = [X1,...,X,] € RP*™ composed of n independent data samples x; € RP of zero
mean s given by

2 1 ¢ T_ 1 T
C=— ;xixi = —XXT. (4.46)

Depending on the dimensionality of n and p, we introduce two different scaling regimes, the
classical regime and the proportional regimeB defined in the context of SCMs as follows.

Classical versus proportional regimes

Definition 4.23 (Classical versus proportional regimes). For a SCM C e Rpxp
computed from n samples of dimension p, as in Definition[].29, we consider the following
two regimes.

1. Classical regime: with n > p; this includes both asymptotic (n — oo with p fized)
and non-asymptotic (n > p for large but finite n) characterizations.

2. Proportional regime: with n ~ p; this includes both asymptotic (n,p — oo
with p/n — ¢ € (0,00) and non-asymptotic (n ~ p > 1 both large but finite)
characterizations.

We will present different ways to characterize the (spectral) behavior of a SCM:
1. by considering the classical (n > p) as well as the proportional (n ~ p) regimes; and

2. by providing asymptotic (as n — oo and/or p — 00) as well as non-asymptotic (for
n,p large but finite) guarantees.

10 Among other things, in the case that x; follows a multivariate Gaussian distribution with x; ~ A (0,C), the
SCM is the maximum likelihood estimator [1]| of the population covariance C.
" The proportional regime is sometimes known as the thermodynamic limit in the statistical physics litera-

ture .

o1
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Asymptotic Characterizations

A

Marcéenko-Pastur law

Law of Large in Theorem
Numbers
in Theorem /5.1 Asymptotic Deterministic
Equivalent in Theorem
Classical . Proportional
Regime " Regime
. Non-asymptotic
Sample Covariance S
. Deterministic
Concentration Equivalent
in Theorem 4

in Theorem

Non-asymptotic Characterizations

Figure 4.5: Taxonomy of four different ways to characterize the sample covariance matrix
C= %XXT, depending on whether one works in the classical regime versus proportional regime,
and whether one is interested in asymptotic results or non-asymptotic results. More traditional
“old school” results are in white (see Chapter [5)), while more modern “new school” results are

shaded (see Chapter @

With two regimes and two types of characterizations, there are four different characteriza-
tions. These four characterizations, together with their corresponding results, are summarized
in Figure |4.5] Informally, we distinguish more traditional “old school” statistics and RMT re-
sults (in Theorem on the asymptotic law of large numbers for SCMs, and in Theorem
on the non-asymptotic concentration of SCMs, both in the classical regime, as well as in The-
orem on the asymptotic Marcenko-Pastur distribution, in the proportional regime) from
“new school” RMT results (in Theorem and Theorem establishing both asymptotic and
non-asymptotic results in the proportional regime). The latter are more relevant for modern
ML, and they are the main focus of our discussion in this monograph.



1361

1362

1363

1364

1365

1366

1367

1368

1369

1370

1371

1372

1373

1374

1375

1376

1377

1378

1379

1380

1381

1382

1383

Chapter 5

Traditional RMT analysis of SCM
eigenvalues

In this chapter, following the discussions on the classical versus proportional regime in Defini-
tion we present “old school” results in Figure

1. in the classical n > p regime, both asymptotic and non-asymptotic characterizations of
the sample covariance matrix (SCM) C around the population covariance C; and

2. in the proportional n ~ p regime, different asymptotic behavior of the eigenvalue distri-
bution of the SCM.

In more detail, by considering n — oo with fixed p, the asymptotic behavior in the classical
regime is via a law of large numbers (Theorem in Chapter and, for n > p large
but finite, the non-asymptotic behavior is via a matrix concentration result (Theorem in
Chapter By considering the limiting behavior as n,p — oo with p/n — ¢ € (0,0), the
asymptotic behavior in the proportional regime is via a traditional RMT result, the Maréenko-
Pastur theorem (Theorem in Chapter

These results are well-known and should be intuitive to most of the ML audience (at least
relative to some of the novel results we present), but we include them for completeness and for
comparison with our main results (which we describe in Chapter @] and subsequent chapters).

5.1 Classical regime: asymptotic behavior of SCM via LLNs

Let us start with n — oo with p fixed. This corresponds to the asymptotic characterization in
the classical regime in Definition Assume that C = I, and consider each element of the
SCM C. By the strong law of large numbers in Theorem |1.7] one has that

B = 5 SRl 2 {2 6.

where [X];; is the (i,{) entry of X. Under a tail bound assumption on the entries of X, the
entry-wise convergence result in Equation (5.1]) holds uniformly over all entries. That is,

~

max [C — Ip]ij &> (51']', as n — o0.

1<i,j<p

Thus, the convergence in max norm
~ a.s. .
|C —Ipllmax —> 0, asn — oo,

93
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holds, where ||A|[max = max;j |A;j|. Since |C — L|j2 < p||C — I |max for any matrix C of size
p-by-p, it then follows that in spectral norm

IC -T2 £ 0, asn — oco. (5.2)

As such, by the strong law of large numbers, if p is fixed, then C— I, almost surely as n — oo.
In this case, |C —L,|| <25 0 holds for any standard matrix norm, and in particular for the max
and the spectral norm. This result holds in the n > p regime. The following theorem makes
this discussion more precise.

Theorem 5.1 (Asymptotic Law of Large Numbers for SCMs). Let p be fized, and
let X € RP*™ be a random matriz with independent sub-gaussian columns x; € RP such
that E[x;] = 0 and E[x;x] ] = I,. Then, one has

IC — Lyl =0, (5.3)

almost surely, as n — oo.

Proof of Theorem[5.1] By the definition of the SCM in Equation (4.46]), one has
. 1 <&
[Clij = > Balilxd;, (5.4)

=1

where [x;]; the ith entry of the sub-gaussian random vector x; € RP. As such, for i = j, the
quantity [Cl; — 1 = LS 1([x1)? — 1) is the sum of n independent zero-mean sub-exponential
random variables. (This is since any one-dimensional marginal of a sub-gaussian random vector
is a sub-gaussian random variable, and the square of a sub-gaussian random variable is a sub-
exponential random variable.) It then suffices to apply Bernstein’s inequality for sub-exponential
distribution (see, e.g., [36, Theorem 2.8.2]) to obtain

P

for some constants C1,Cy > 0 that only depend on the sub-gaussian norm of the entries of X.
For i # j, one can similarly obtain

P (‘[C]z‘j

where we used the fact that the product of sub-gaussian random variables is a sub-exponential
random variable, so that

[Clii — 1) > t) < 2exp (fcln min(tQ,C'Qt)) ,

> t) < 2exp (—C’ln min (¢2, CQt)) ,

P (‘[C]ij — 0ij

> t) < 2exp (—Cin min(t?, Cat)) .

Taking the union bound, one obtains

P ( max ([C — L)

1<4,5,<p

> t) < 2p% exp (—Cl min(tQ, Cgt)) .

Equivalently,
P(|C — Iy |lmax > t) < 2p? exp (—C’ln min(tQ, C’gt)) , (5.5)

where we recall the definition of the max norm, [|A|max = max;j |A;;| of A. Since ||A| <
p||Allmax for A € RP*P we further get

P(|C ~Tpll2 > t) < P(||C — Ly|lmax > t/p) < 2exp (~Crnmin(t?, Cat)) ,
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1396 for some constants C7,C > 0 that only depend on the sub-gaussian norm of the entries of
137 X and the dimension p. It then follows from the Borel-Cantelli lemma in Theorem of
1358 Appendix [A| that ||C — L,[2 — 0 almost surely as n — oo. See This concludes the proof of
1399 Theorem [5.11 O

1o Remark 5.2 (Inverse of SCM). Theorem states that, for fixed dimension p and in the
uo1 limit of infinitely many samples as n — oo, the SCM C= %XXT is close, in a spectral norm
1oz sense, to the population covariance C = I,. In this n — oo with p fixed regime, this in particular
1403 implies that the regularized SCM inverse Q(—v) = (C + ~I,)7, should be close to the inverse
s population covariance (C + vI,)~! with the same regularization v > 0. This is a consequence
uos  of the fact that

1406 1Q(=) = (C+1L) M2 = 1Q(—7) - (C = C) - (C+ L) 2 <7 ?IC = Cll2.  (5.6)

1207 where we used the fact that A=' —B~! = A=!1(B—A)B~! (known as the resolvent identity) for
ue  the equality, and that ||(A +~I,) " '|l2 <~ ! for all positive semi-definite A for the inequality.
1100 As well shall see below in Remark this conclusion is no longer valid in the proportional
1w n~p>1 regime.

11 Remark 5.3 (LLN and the classical versus proportional regime). Observe that the LLN
1412 in Theorem is “parameterized” to hold only in the classical limit, not the proportional limit,
13 and its proof fails in the limit of n,p — with p/n — ¢ € (0, 00). There are many variants and
114 extensions of the LLN; see, e.g., the non-asymptotic matrix concentration result in Theorem
1215 below. Most — if not all — of them become vacuous when applied to the proportional regime
e where n,p — oo and p/n — ¢ € (0,00). We will come back to this point in Remark below,
117 and we will clarify the reason behind this in Remark

ws 9.2 Classical regime: non-asymptotic behavior of SCM via ma-
1419 trix concentration

120 The asymptotic characterization of the SCM in Theorem provides a precise statement in the
121 classical limit with n — oo with fixed p. We next use a spectral norm concentration bound on
2 ||C — 1,2 to provide a more precise characterization of the SCM approximation ||C — L2 = 0
1423 that is non-asymptotic, in the sense that it holds for any finite n, p.

Theorem 5.4 (Non-asymptotic matrix concentration for SCMs, [36, Theo-
rem 4.6.1]). Let X € RP*" be a random matriz with independent sub-gaussian columns
x; € RP such that E[x;] = 0 and E[x;x]] = I,. Then, one has, with probability at least
1 — 2exp(—t?), for any t > 0, that

|C — L2 < Cimax(6,02), &= Ca(\/p/n+1t/Vn), (5.7)

for some constants C1,Ca > 0, independent of n, p.

1424

125 We reproduce the proof approach proposed in [36], which combines the Bernstein’s concentration
126 inequality with an e-net argument.

w27 Proof of Theorem[5.4 Using the e-net argument (see, e.g., |36, Corollary 4.2.13]), one can find
s a 1/4-net M of the unit sphere SP~! C RP that has cardinality |91 < 9P. The use of the e-net
120 technique allows one to well approximate the spectral norm via an evaluation over an e-net 1
130 of the unit sphere SP~!, rather than over the full unit sphere SP~! itself. We refer the interested
w3 readers to (36} |37] for details. Then,

N

1
G-1 H — omax |- |XTv[2—1], (5.8
(© - Tv||, = 2max| X7V 6.9

1432 HC—IpH2: sup

(C— Ip)VH < 2max‘
vesp—1 2

ven
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where one uses |36, Lemma 4.4.1] for the inequality and recalls the definition X = [x1,...,x,] €
RP*™ for sub-gaussian x; € RP with E[x;] = 0 and E[x;x]] = I,. To complete the proof of
Theorem it then suffices to show, with the required probability, that

1
max [~ [XTv|2 - 1| <&,
ven | n 9 2

(5.9)

with ¢ = max(d,6%)//Cz. To that end, first note that for a fized v € R of unit norm ||v|z = 1,

one has
n

L T2 1 To)2

XV - 1=~ ;(xi v)?2 1. (5.10)
By the sub-gaussianity of x;, one has that (i) x; v is sub-gaussian (one-dimensional marginal of
sub-gaussian random vector is sub-gaussian) with E[x]v] = 0 and E[(x]v)?] = v E[x;x] |v = 1;
so that (ii) (x] v)2, as the square of sub-gaussian random variable, is thus sub-exponential; and
therefore (iii) 2| XTv||3 — 1, as the sum of n independent zero-mean sub-exponential random
variables, satisfies the following sub-exponential Bernstein inequality (see, for example, [30,
Theorem 2.8.2]). For any t > 0, one has

P (‘TllHXTvH% - 1‘ > ;) < 2exp (—Clnmin <Cgs2, Cgs)) = 2exp (—C’lncSQ)
< 2exp (—ClCQQ(p + t2)) ,

where we used the fact that ¢ = max(6,62)/v/Cs in the equality and the definition of § in
Equation (5.7) as well as the fact that (a + b)? > a® + b? for a,b > 0 in the last inequality.
It remains to apply the union bound to see

™

A 1
(16—l <) = P (ma | HXTvI 1| < 5)

<2-97-exp (—C1C3(p + %)) < 2exp(—t?),

by choosing the constant Cy in Equation (5.7) large enough. This concludes the proof of
Theorem [5.4 O

Remark 5.5 (Derivation of Theorem from Theorem . Instead of the simpler and
more direct proof of Theorem that we provided, one could alternatively prove Theorem
as a corollary of Theorem M To do so, take ¢ = v/2Inn to see that for n > p + 21Inn, with
probability at least 1 — 2n =2,

|C — L2 < C1Ca(/p+ V2Inn)/n, (5.11)

with vanishing right-hand side as n — oo with fixed p. It then follows from Borel-Cantelli
lemma (in Theorem of Appendix |A) that ||C —I,|2 — 0 almost surely at n — oo. This
concludes the (alternate) proof of Theorem

Remark 5.6 (Matrix concentration and the classical versus proportional regime).
The non-asymptotic result in Theorem is practical, in that its holds for an arbitrary choice
of n,p. Specifically, it should be compared to and contrasted with the asymptotic result in
Theorem Depending on the (classical versus proportional) regime in which one is operating,
Theorem conveys the following complementary messages.

1. Classical regime. Here, n > p. Let’s say that n ~ p?. In this case, one has, with high
probability, that ||C —1T,||2 is of order O(n~'/4) and gets very small as n gets large. In this
regime, where n > p, the matrix concentration in Theorem conveys a similar intuition
to the asymptotic LLN result in Theorem and discussed in Remark
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1461 2. Proportional regime. Here, n,p are both large, and in particular n ~ p. In this case,
1462 one has, with high probability, that |C — L,||2 is of order y/p/n = O(1). In this regime,
1463 Theorem is qualitatively different than Theorem one can have, say, a vacuous
1464 100% relative error, in the proportional limit of n,p — oo with p/n — ¢ € (0, 00).

1465 Based on this discussion, the question then is the following: In the proportional regime,

1ss  where n is not much larger than p, what precisely does the sample covariance C “looks like”?
uer  For example, is it close, say, in a spectral sense, to its population counterpart C = I,? Can
ues  we provide a more precise and quantitative description of, e.g., the maximum and minimum
uso  eigenvalues of the SCM C, or the “distribution” of the eigenvalues of C around the population
uo  eigenvalue 17 We discuss these topics next.

wn 5.3 Proportional regime: eigenvalues via traditional RMT and
1472 Marcenko-Pastur

173 Here, we will show that, in the asymptotic proportional regime of n,p — oo with p/n — ¢ €
u7a  (0,00), the limiting eigenvalue distribution of C takes a precise form, known as the Marcenko-
urs  Pastur distribution. This is a classical topic in traditional RMT. The Maréenko-Pastur distri-
176 bution is a deterministic function whose shape is parameterized by the dimension ratio ¢ and
177 whose scale parametrized by a variance parameter o2; and it provides a more refined characteri-
u7s  zation of the eigenspectrum of C (than is provided by Theorem . It is given in the following
170 Tesult, stated here in the case of sub-gaussian random vectors|'?| We provide in Remark of
1so  Chapter a proof of Theorem as a consequence and corollary of our main Deterministic
us1  Equivalent for SCM resolvent in Theorem [6.5

Theorem 5.7 (Limiting spectral distribution for SCM: Maréenko-Pastur
law, [21]). Let X € RP*™ be a random matriz with i.i.d. sub-gaussian columns x; € RP
such that E[x;] = 0 and E[x;x] ] = 021,. Then, as n,p — oo with p/n — c € (0,00), with
probability one, the empirical spectral measure p1xxt of %XXT (as in Definition
converges weakly to a probability measure giveryzl explicitly by

1
2mcox

p(dz) = (1 —c T (x) + V(z — 02E_)*(02E, — x)* du, (5.12)

where By = (1 £ +/c)? and ()t = max(0,z). In particular, taking o> = 1 in Equa-

tion (5.12), one obtains

plda) = (1 — ™) o) +

o V(@ =B )" (Bs —2)" da, (5.13)

which is known as the Marcéenko-Pastur distribution.

1482

1483 The following remark on Theorem should be compared to and contrasted with Re-
1 mark [5.3] and 5.6l

uss Remark 5.8 (Maréenko-Pastur law and the classical versus proportional regime).
uss The behavior described in Theorem takes a very different form than the behavior of HC —
usr  Cll2 &~ 0, as given by Theorem and in classical regime with n > p. Depending on
uss the (classical versus proportional) regime of interest, Theorem can lead to very different
1o intuitions for the (eigenvalues of the) SCM C € RP*P composed of n samples.

12The sub-gaussian assumption here can be replaced by, e.g., random vectors having independent entries with a
uniform bound on the moments of order k for some k > 2. Determining the minimalistic conditions for these RMT
results to hold has been of long interest to mathematicians. We refer readers to [3} |5, 133] for more discussions.
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Figure 5.1: Marcenko-Pastur distribution for different values of ¢, for o2 = 1.

1. Classical regime. Here, n > p. Taking the dimension ratio ¢ = p/n — 0, the Marcenko-
Pastur law in Equation (5.13)) of Theorem [5.7] n shrinks to 41, the Dirac measure at one. In
this regime, it is in agreement with ||C — I,|[z ~ 0 in Theorem [5.1| and |5

2. Proportional regime. Here, n ~ p > 1. In this regime, it follows from the (true but
vacuous) matrix concentration result in Theorem|5.4|that |C—1,|j2 = O(p/n) = O(1), and
the (true but non-vacuous) result from Theorem that, depending on the dimension
ratio ¢ = p/n, the eigenvalues of C can be very different from unity. In particular,
|C — L)z is not vanishing small as n,p — oo, instead taking the form of the Maréenko-
Pastur distribution given in Equation .

Remark 5.9 (Precise behavior of the SCM eigenvalues). Theorem [5.7] - provides access
to the averaged amount of eigenvalues of C lying within the interval [1 — 8,1+ 4], for § € (0,1).
This can be seen by evaluating the following integral:

140
M([1_5,1+5]):/+ ! \/(x_(1_ﬁ)2)+((1+\/5)2—x)+dx. (5.14)

1—s 2mcx

Consider § < 1 in Equation (5.14). By Taylor-expanding the expression around x = 1 for (say)
¢ =p/n < 4, one obtains

u<[1—5,1+6]>:/

g
! )\/(1+g—(1—\ﬁ)2)+((1+ﬁ)2—1—5)+d5

527TC(1+€
_1_

(\/ de— 2+ O(e ) de = u(5—&—0((52).
T

Thus, in particular, for p &~ 4n there is asymptotically no eigenvalue of C close to one! This
is in accordance with the shape of the limiting Marcenko-Pastur law with ¢ = 4, displayed in
Figure . More generally, one explicitly obtains from Equation (5.14) the limiting eigenvalue
distribution of C — I, as

27rc

1
_ I+ - (1 _ 2\t 2 _._ N\t
(1—cHto_i(z) + 2Wc(m+1)\/(m+l (1-vVo)2)" (A+ve)2—2—-1)"dz, (5.15)
where 0_j(x) is the Dirac measure at x = —1. This provides access to the spectral normlﬂ

||C —I,|2 =~ ¢+ 2y/c as well as more refined characterization such as the averaged amount of
eigenvalues of o I, within a given interval of interest, as in Equation (5 .

13Technically speaking, the limiting eigenvalue distribution given in Theoremonly characterizes the propor-
tion of eigenvalues appearing within a given interval, and allows for an order of o(p) eigenvalues that may “leak”
from the interval. As a consequence, the Marcenko-Pastur law itself fails to assess the maximum or minimum
eigenvalue of C or C — I,, which needs additional efforts to characterize; see [2] and [6, Section 2.3.2]. Our
conclusion on ||C — I,||2 here remains correct though.
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5.3. PROPORTIONAL REGIME: EIGENVALUES VIA TRADITIONAL RMT AND MARCENKO-PASTUR

1.5
g
£ 1h
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(a) n = 1000p (b) n.=100p (¢) n=10p

Figure 5.2: Varying n and ¢ = p/n for fixed p. Histogram of the eigenvalues of C versus
the limiting Maréenko-Pastur law in Theorem [5.7} for X having standard Gaussian entries with
p = 20 and different n = 1000p, 100p, 10p from left to right.

Let us illustrate the results in Theorem [5.7] versus those in Theorem [5.1] and as n and
p vary. See Figure and Figure Here, we consider a single realization of the (Gaussian)
random matrix X.

1. Figure depicts the histogram of the eigenvalues of C as we vary n (and thus ¢ = p/n),
for fixed p: for p = 20 and n = 1000p, 100p, 10p. We see a “transition” from the classical
regime (Figure with n = 1000p > p, in which case the random SCM C strongly
concentrates around C = I,, as predicted by Theorem and to the proportional
regime behavior (Figure with n = 10p ~ p, in which case the eigenvalues of C are
more “spread out” and take a Marcenko-Pastur shape, given in Theorem [5.7]).

2. Figure illustrates what happens as we vary n and p together, for fixed ¢ = p/n: for
p/n = c=0.01 with (in fact only moderately large) p = 20, 100, 500. This figure provides
a “finite-dimensional” confirmation of the limiting Marcenko-Pastur law in Theorem
The eigenvalue histogram agrees with Marcenko-Pastur law, and this holds for any real-
ization with n,p large, showing an asymptotically deterministic behavior of the behavior
of the (distribution of the) eigenvalues of C. In particular, the Marcenko-Pastur law in
Equation demonstrates that the eigenvalues of C, instead of concentrating at x = 1,
as the classical intuition would suggest, are spread from E_ = (1—4/¢)% to E, = (14++/c)2.
That is, they are on a range

(1+ V) — (1= Ve = 4/e. (5.16)

Observe that the convergence to the classical n > p regime, as a function of the ratio
¢ = p/n, is not very fast. In particular, even with n = 100p, one obtains an improved
accuracy of +20% by considering the proportional instead of the classical regime. This is
numerically illustrated in Figure [5.3

3. As a side remark, note that Figure and are two independent realizations of the
case p = 20 and n = 100p (with two different X-axis scalings, so we have intra-figure
consistency). This provides an estimate of the sample-to-sample variability. In particular,
the “shapes” of eigenvalue histograms remain random, differing from one realization to
another (due to the intrinsic randomness in X) in Figureversus and they cannot
be accurately described by either Theorem or Theorem (which are essentially
deterministic). Also, while n = 100p (with a sample size n that is 100 times the data
dimension p) might seem “large enough” to be in the classical regime, we see that the
eigenvalues of C are very different from 1, being spread on the interval [0.8,1.2] (that
diverges from 1 by a relative error of +£20%).
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Histogram

(b) p = 100 (c) p = 500

Figure 5.3: Varying n and p for fixed ¢ = p/n. Histogram of the eigenvalues of C versus
the Marcenko-Pastur law, for X having standard Gaussian entries with n = 100p and different
p = 20,100, 500 from left to right.

By working in the special (yet realistic for modern ML) regime of n ~ p > 1, RMT analysis such
as that in Theorem allows for a more precise characterization of the (spectral) behavior of
popular matrix models such as the sample covariance matrix. This is accomplished by describing
how the full distribution of the eigenvalues of C around unity and consequently the minimum
and maximum eigenvalues, as well as the “proportion” of eigenvalues within any interval of
interest.

Remark 5.10 (ESD of regularized inverse SCM). Similar to Remark when the regu-
larized inverse SCM Q(—v) = (C +~I,)7Y, v > 0, is considered, Theorem applies to assess
the (limiting) eigenvalue distribution of Q(—+) with the change of variable x — 1/(x + ) in
Equation . Attention should be given to the inverse 1/(z 4 7), which may not be well
defined for v = 0, depending on the sign of ¢ — 1, for dimension ratio ¢ = p/n. This is again
an illustrative example of working in the proportional n ~ p regime as opposed to its classical
counterpart.

From Theorem this distribution of eigenvalues is only known to be of order /p/n = O(1).
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Chapter 6

SCM analysis beyond eigenvalues: a
modern RMT approach

In this chapter, we discuss the “new school” results in Figure [4.5] In Chapter [5| we saw that,
for the SCM C € RP*P composed of n samples of dimension p, LLN and matrix concentration
methods provide information about the eigenvalues of large random matrices in the classical n >
p regime (in Theorem and Theorem , both asymptotically and non-asymptotically; and
we also saw (in Theorem how traditional RMT methods can be used to provide information,
asymptotically, about eigenvalues in the proportional n ~ p > 1 regime. As we will see in this
chapter, RMT methods are much more powerful.

They can be used to provide information, both asymptotically and non-asymptotically, for
many other (eigenspectral) quantities, including those that depend on eigenvectors, of interest
in modern ML and beyond. This is accomplished by analyzing more sophisticated spectral
functionals of large random matrices that are of practical interest in a modern ML context.
(These functionals go beyond the trace, or Stieltjes transform in 7?7, which gives the limiting
eigenvalue distribution in Theorem to include functionals listed in ?? of ??). To accomplish
this, we must consider the Deterministic Equivalent approach to the SCM resolvent, which will
be the major focus of this chapterE]

See Figure for a high-level summary of the general approach. The figure compares the
different objects of interest that can be analyzed with RMT: some with “old school” traditional
RMT (that involve only the trace function, and for which only eigenvalues are considered)
and “new school” modern RMT (that considers other eigenspectral functions, and that also
considers eigenvectors) as well as the corresponding mathematical tools. The most important
technical difference is the following:

traditional “old school” RMT mostly focuses on eigenvalue distributions of large
random matrices via a study of their Stieltjes transforms; while modern “new school”
RMT works with the resolvent matrix directly, and as such is much more flexible.

The modern approach to RMT provides a simultaneous access to the behavior of large random
matrices in the proportional regime via their eigenspectral functionals, as in 7?7. This in partic-
ular includes spectral functionals involving both eigenvalues and eigenvectors that are of direct
use in ML.

In Chapter we first present the Deterministic Equivalent for resolvent framework, as a
unified approach to evaluate the behavior of the resolvent of random matrices in the propor-
tional regime. As an illustration of this approach, we provide in Chapter and Chapter
asymptotic (in Theorem and non-asymptotic (in Theorem characterizations of the

15This chapter remains a work-in-progress, as the Stieltjes transform and the Deterministic Equivalent for
resolvent approach have yet to be introduced. Nevertheless, we include it here to complete the broader discussion
in Part |[Il on the four ways of characterizing sample covariance matrices.

61
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RMT tools Objects of interest

“0Old school” laleltpjes i i h Eigenvalue distribution
m(z) = trQ(z)/p

specialtcase

tracef form Eigenvalues, eigenvectors,
and their (linear) functionals

“New school” Resolvent Q(z) Inverse, trace, and bilinear forms
and its Determlmstlc
Equivalent Q (Z ) Integration and differentiation

involving these quantities

Figure 6.1: Different objects of interest and their corresponding technical tools for “old school”
traditional RMT and “new school” modern RMT.

Deterministic Equivalent for the resolvent Qe (z) of the SCM C, respectively. These charac-
terizations provide analogues of Theorem and Theorem to the proportional regime, and
they complete the proposed four-way taxonomy given in Figure Some discussions on Theo-
rem [6.5]and [6.7] are placed after these results, so as to connect the results in Theorems|[6.5]and
to those in Theorems [5.1] and (.41

6.1 Deterministic Equivalents: from vectors to resolvent matri-
ces

Here, we introduce the modern Deterministic Equivalent for resolvent approach to characterize
the statistical behavior of eigenvalues and eigenvectors of a matrix X, for X drawn from some
“generic” random matrix model. We will present the asymptotic and non-asymptotic results
for X following a sample covariance model (in Chapter and Chapter respectively).

Limitations of the Stieltjes transform and traditional “old school” RMT. In tradi-
tional “old school” RMT, the main focus is typically on the ESD of X € RP*P, That is, the
interest is in eigenvalues, in the characterization of a certain limit of the random spectral mea-
sure px (see again Definition of X, as the size p of X increases to infinity. The well-known
Marcenko-Pastur law in Theorem provides a canonical example of this approach. For this
purpose (recall 77), a natural approach is to study the random Stieltjes transform m, (z) and
show that it admits a limit (in probability or almost surely) m(z) as p — co. While leading to
a large body of results in RMT, this approach has several strong limitations, in particular for
modern ML applications. The main limitations include:

1. it supposes that such a limit exists, therefore restricting the study to very regular random
matrix models for X; and

2. it only quantifies the functional %tr Qx(z) (through the Stieltjes transform), thereby
discarding all eigenspace information about X carried in the resolvent matrix Qx; and

3. it focuses only on the limiting behavior as p — oo and in general fails to say any about
large but finite p, which is of core interest to ML.

Deterministic Equivalents. To avoid these limitations of traditional RMT, and to provide
“finite-dimensional” or non-asymptotic characterization of the quantities of interest in ML appli-



1620

1621

1622

1623

1624

1625

1626

1627

1628

1629

1630

1631

1632

1633

1634

1635

1636

1637

1638

1639

1640

1641

1642

1643

1644

1645

1646

1647

1648

1649

1650

6.1. DETERMINISTIC EQUIVALENTS: FROM VECTORS TO RESOLVENT MATRICES63

cations, modern “new school” RMT focuses instead on the notion of Deterministic Equivalents.
Here is the basic definition.

High-dimensional Deterministic Equivalent

Definition 6.1 (High-dimensional Deterministic Equivalent). We say that Q €
RPXP 4s an (e1,€9,0)-Deterministic Equivalent for the symmetric random matriz Q €
RP*P if, for a deterministic matrizx A € RP*P and vectors a,b € RP of unit norms
(spectral and Euclidean, respectively), we have, with probability at least 1 — &(p) that

‘;U"A(Q—Q)‘ <ei(p), ’aT(Q—Q)b < ea(p), (6.1)

for some non-negative functions £1(p),e2(p) and §(p) that decrease to zero as p — oo.
To denote this relation, we use the notation

Q pe2g Q, or simply Q < Q. (6.2)

The Deterministic Equivalent relation Q <+ Q denotes the fact that Q, being a deterministic
matrix, can be used as a “proxy” in the study of the large random resolvent matrix Q, as
long as its trace, bilinear forms, and other matrix functionals (as well as their differentiations
and integrations as listed in ??) are considered. The “accuracy” of this approximation for
scalar observation is described by the error functionﬂ €1,€2 and the failure probability §.
In particular, the Deterministic Equivalent in Definition [6.1] is a special case of the High-
dimensional Equivalent in Definition when the (random) matrix of interest if the resolvent
Q(z), in the absence of entry-wise non-linearity ¢, and for trace and bilinear observations
f(Q) = tr(X)/p and f(X) = a’Qb that are both 1-Lipschitz for A € RP*P a,b € R? of unit

norm.

Remark 6.2 (Asymptotic versus non-asymptotic aspects of of Deterministic Equiv-
alents). Deﬁnition is non-asymptotic, in the sense that it holds for any value of p. As such,
it can be used as a basis to provide both non-asymptotic as well as asymptotic results. By
considering the asymptotic setting, as p — oo, one has

e by definition of convergence in probability, that %tr AQ-Q)—0,a"(Q-Qb — 0
in probability as p — oco; and

e if, in addition, the failure probability satisfies 6(p) = O(p~*) for some ¢ > 1, then by the
Borel-Cantelli lemma (see Theorem of Appendix %tr AQ-Q) — 0,a™(Q —

Q)b — 0 almost surely as p — oc.

This “general recipe” has been used in Theorem to obtain asymptotic (convergence-type)
results from non-asymptotic results for SCM, and will be exploited in the reminder of the
monograph.

Remark 6.3 (Scalar observation function). The notion of Deterministic Equivalents focuses
on a scalar observation of the random matrix (recall Chapter in Chapter . It does so by
describing the concentration behavior of the random matrix via an observation map f: RP*P —
R (as in Definition[L.17)for vectors). In Definition[6.1]above, there are two observation functions,
one for each of the two expressions in Equation , and they take the form

f(X) = ;tr(AX) and f(X) = a'Xb. (6.3)

Here we distinguish the two “rates of convergence” e1(-),e2(-) for trace and bilinear form, since they have
been extensively investigated in the random matrix literature and are observed to take rather different forms.
For instance, one commonly has €1(p) ~ p~' while e2(p) ~ p~ /2 as p — oo see also l6].
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Remark 6.4 (Deriving Deterministic Equivalents). Mathematically, the derivation
of a Deterministic Equivalent is generally accomplished via the following two steps:

1. Computing or approximating the expectation of the random matrix Q.
For the scalar random variable of interest f(Q) for Q € RP*P| the first (and often
most natural) deterministic quantity to describe its behavior is the expectation

E[f(Q)].

e In the case of linear or bilinear functional f(-), as in Definition this is
equal to f(E[Q)).

e In the case where E[Q] is not easily accessible, one may resort to approximating
it using some deterministic matrix Q, rather than directly computing it (e.g.,
in the sense that |E[Q] — Q|2 < &(p) for some function £(-) that vanishes as
p grow large).

In this sense, a Deterministic Equivalent for a random matrix Q is not necessarily
unique. See Remark below for a concrete example of this non-uniqueness.

2. Establishing the concentration of the random observation f(Q) around
the deterministic f(Q). This step often involves concentration inequalities of
the form

P(1f(Q) — f(Q)] > t) < é(p,t) (6.4)

for some function d(p,t) that decreases sufficiently fast as p grows large. This
can be achieved, e.g., by bounding sequentially, in a probabilistic sense and as in
Chapter for scalar observations of the rando vectors, the differences f(Q) —
f(E[Q]) and f(E[Q]) — f(Q). (The latter uses the fact that the two deterministic
matrices E[Q] and Q are close, in a spectral norm sense, as established in the first

step.)

1651

1652 In Chapter[6.2] and [6.3] below, we will use this Deterministic Equivalent approach to establish
1653 asymptotic as well as non-asymptotic characterizations for the resolvent Qg(z) for the SCM,
1654 respectively.

s 6.2  Asymptotic Deterministic Equivalents for SCM resolvents

1656 Here, we illustrate the use of the proposed Deterministic Equivalent framework, by providing
1657 an asymptotic characterization of the random sample covariance resolvent

1655 Q(2) = Qg(z) = (TllXXT — zIp> - , (6.5)

160 for X € RP*™ having i.i.d. “normalized” sub-gaussian entries with zero mean and unit variance.
160 This result can be used to derive the popular Marcenko-Pastur law in Theorem [5.7], and it is
161 a special case of our Linear Master Theorem, 77, used to assess the three linear ML models in

1662 ?? .
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Theorem 6.5 (An asymptotic Deterministic Equivalent for resolvent, |6, The-
orem 2.4]). Let X € RP*™ be a random matriz having i.i.d. sub-gaussian entries of zero
mean and unit variance, and denote Q(z) = (2XXT — 2I,)~! the resolvent of 2XXT
for z € C not an eigenvalue of %XXT. Then, as n,p — oo with p/n — ¢ € (0,00), the
(sequence of ) deterministic matriz Q(z) is a Deterministic Equivalent of the (sequence
of ) random resolvent matriz Q(z) as in Definition with

Q(2) + Q(2), Q(2) = m(2)L,, (6.6)
with m(z) the unique valid Stieltjes transform as solution to

czm?(z) — (1 —c—2)m(z) +1 =0. (6.7)

One could prove Theorem [6.5] directly, but we prefer to prove it as a consequence of Theorem
(below), analogous to what we described in Remark for the classical regime.

Proof of Theorem[6.5. The proof of Theorem follows from that of Theorem and con-
centration results on the trace and bilinear forms of the type %tr AQ and a' Qb around their
expectations. Precisely, it follows from the proof of Theorem that for A € RP*P of unit
norm, one has, as n,p — oo that:

1. |E[Q] - Q2 = O(n='/2); and

2. Bl(1tr AQ - E[Q)) ] = O(n~2).

As such, by Markov’s inequality (i.e., P(|X| > t) < E[|X|¥]/t*) and the Borel-Cantelli lemma
(ie., P(|X| >t) = O(n~") for £ > 1 and all ¢ > 0 implies X,, — 0 almost surely as n — o), it

follows that . )
E tr AQ — 5 tr AE[Q] — 0 (6.8)

almost surely as n,p — co. Thus, the conclusion tr A(Q — Q)/p — 0 follows almost surely. A
similar procedure can be performed on the bilinear form a’Qb. This concludes the proof of
Theorem for all real z < 0. For complex z € C not an eigenvalue of %XXT, since both Q(z)
and Q(z) in the theorem statement are complex analytic functions on their domain of definition
(see, e.g., [17]), by Vitali’s convergence theorem, Theorem the convergence results for all
z < 0 extend to z € C. This concludes the proof of Theorem O

The function m(z) in Theorem is the Stieltjes transform of limiting spectral/eigenvalue
distribution of the SCM. Thus, not surprisingly, one is able to retrieve the Marcenko-Pastur
law in Theorem [5.7) from Theorem as described in the following remark.

Remark 6.6 (Derivation of Theorem the Maréenko-Pastur law, from Theo-
rem [6.5). The equation of m(z) in Equation is quadratic, and thus it has two solutions
defined via the (two values of) complex square root. That is, for z = pe* for radius p > 0 and
angle 0 € [0,2r), we have /z € {£,/pe'?/?} and therefore

ey~ Loz VOV = (= VP —2) 69)

2cz 2cz

Among these, only one satisfies the relation 3[z] - I[m(z)] > 0 as a “valid” Stieltjes transform

of a probability measure, per its definition in ??. By ??, one obtains that m(z) is the Stieltjes

transform of p: with “continuous” part of the form \/(EJF_?C;S:_Efﬁ for B4 = (1 ++/c)? and
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(z)T = max(z,0) (since the term under the square root is only non-negative for z € [E_, E.]);

and with a discontinuity at zero with weight equal to

c—1
2¢ '

p({OD) = ~limym(ay) = 2 £ sign(c - 1) (6.10)

and therefore a mass 1 — 1/c at zero if and only if ¢ > 1.

6.3 Non-asymptotic Deterministic Equivalents for SCM resol-
vents

Here, we focus on the non-asymptotic characterization of the random resolvent matrix Q(z) of
a SCM. We provide, for z < 0, a spectral norm error bound of |[E[Q(2)] — Q(z)]2 that depends
explicitly on the dimension n,p, under the same statistical assumptions as in Theorem
Our main theorem, Theorem below, is indeed a non-asymptotic version of the result in
Theorem [6.5] and it allows one to have a precise control on, e.g., the approximation error of
using the Deterministic Equivalent Q(z) in place of the expected resolvent E[Q(z)]. This is of
direct interest in ML, where non-asymptotic-type results are strongly desired.

Theorem 6.7 (A non-asymptotic Deterministic Equivalent for resolvent). Let
X € RP*™ be a random matriz having i.i.d. sub-gaussian entries with zero mean and unit
variance, and denote Q(z) = (2XXT — 2I,)7! the resolvent of LXXT for real z < 0.
Then, there exist universal constants C1,Co > 0 depending only on the sub-gaussian norm
of the entries of X and |z|, such that for any € € (0,1), if n > (C1 + ¢)p, one has

=) - Q) < 2

2, Qz) = m(2)L, (6.11)

for m(z) the unique positive solution to the Maréenko-Pastur equation czm?(z) — (1 —

c—z)m(z)+1=0,c=p/n as in Equation (6.7).

The proof of Theorem provide a general recipe to get non-asymptotic Deterministic
Equivalents for common random matrix models, and it is given in details as follows.

Proof of Theorem[6.7 Let x; € RP denote the i column of X € RP*" (so that x; has i.i.d.
sub-gaussian entries of zero mean and unit variance), and let X_; € RP*(»=1) denote the random
matrix X without its i column x; (so that X_; is in particular independent of x;). Define

similarly Q—;(z) = (2X_;XT, — zIp)_1 so that

1 T 1 T - -1 1 T -

First note that by definition,
_ 1 -1
= L=—F— I 1
Q) =mGy = ({5 —2) T (6.13)

for ¢ = p/n, so that for z < 0,
1 _
I <1. .14
gl < (6.14)

Similarly, one has

1 1 1
Qo< e e ixxT <

2~ V2l

(6.15)

1
) g 17 HQ(Z)\/EX

- \/ HQ(Z):LXXTQ(Z)
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1720 In the remainder of the proof, we will, for notational simplicity, drop the argument z and simply

21 write Q = Q(Z)v Qi = Q*i('z% and Q = Q(Z)
It follows from the resolvent identity, Lemma that

EQ- Q) =E [Q (Ip - ;XXT)] Q

1+ em(2)
~ EQ L 1 A
N 1—|—cm(z)Q nE[QXX Q
CEQl 5 v lain T
T Tremm @ 2 E@R
_ EBQ 4 Q_ipxiX]
—Hcm(z)Q—;E 13157 o DJ Q.

1722 where we applied Woodbury identity, Lemma to obtain the last equality.
Further write

n

A EQ 4 E [Q_itxx[] Q E [Qixix]di] Q
EQ-Ql= 1+ cem(z2) Q ; 1+ cem(z) * ; 1+ cem(z)
. E[Q] A “E [Q—zn XX ] Q E [ ZQXZX;F] Q
 14cem(2) _Z 1+ cm(2) - 1+cem(z) 7

1723 where we have introduced

1
1724 di = =x] Q_;x; — em(2), (6.16)
n

1725 and used again Woodbury identity to write ﬁﬁ% = Q x;x] in the first equality, as well

126 as the fact that the law of the random matrix d;Qx;x x; is mdependent of the index ¢ in the
2z second equality. Since E[Q_;x;x]] = E[Q_;] by independence and the law of Q_; is independent
128 of the index 4, this can be expressed as

A Q [ i Qxix }Q
EQ-Q|=(EQ-Q_; . 6.17
Q- Q= (BIQ- Q) o+ (6.17)
1730 As such, to bound the spectral norm ||[E[Q — Q]||2, it suffices to bound the following two
1731 quantities
T = [EQ - Qe 1o = |E |diQxx]] | . (6.18)

1733 and then use the fact that [[AB||2 < [[All2 - ||B]|2, together with the bound in Equation (6.13)).
1734 For the first term 77, it follows again from Woodbury identity that

—_

—E[Q_ixix; Q] = %E Q%] (6.19)

n

1735 0<EQ-;—Q]=E

Q_ilxix]Q_; -
T+ 0x[Quix; | ~

1736 where we used the fact that 1+%X1TQ,¢X¢ > 1, so that by Equation 1D one has [|Q_;|| < |z|71,
1737 and therefore

1738 T = HE[Q — Q_Z]HQ = O(nil). (6.20)

1739 We now move on to bound the second quantity 75 as defined in Equation (6.18]).
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It follows from the definition of the spectral norm that
7= | [ead]],

= sup E [diuTQxix;rv]
lull=1,|lv]|=1

< E[dlz] . sup \/E[(UTQXz‘XiTV)Q]
[lul|=1,]|v]=1

Ts 2 To 3

1740 where we have applied the Cauchy-Schwarz inequality twice.
We first treat the term 752. Note that

(uTQ_ix;)*

Tox )4 =
E[(u"Qx,)Y] = E (1+ 1xTQ_x)*

< E[(u'Q-ix)"] = E[(x] Q_iuu' Q_;x;)?],

1741 with
1742 HQ_iuuTQ_Z‘”Q = uTQQ,Z-u < |Z|72, (6.21)

for ||u|| = 1 according to Equation (6.15]). As such, it follows from the Hanson-Wright inequality,
Theorem that there exists C,C’ > 0 such that

E[(uTQ ix)'] = E [E[(0"Q_x)'|Q-]| <Eq { /0 Torp (xTQ uu"Q ix; > t) dt}

<20 -Eq_, [/Oootexp (—C’t/(uTinu)) dt}

TO2 2
_oop | QM) C;u) <(C2%)72,

1743 where we first consider the expectation with respect to x; and then that with respect to Q_;.
1744 This allows us to conclude that T 2 = O(1). And we can analogously conclude that 75 3 = O(1).
1745 We thus have

1746 HE[Q] — QHQ <Ti+Ty < Clnil + Cy E[d?], (622)

1747 for some universal constants C7,Cs and d; = %XZTQ,Z-XZ- — cm(z) as defined in Equation (/6.16]).
Now, note that

2
d? = <1X;I—Qixi - cm(z)>
n

<1 T 1 1 )2
—x; Q_ix; — —trE[Q_;] + —tr E[Q—;] — em(2)
n n n

2

IN

1 1 ? 1

2 (x;rQ_ixi — —tr E[Q_Z]> +2 < trE[Q_;] — cm(z)>
n n n

2

2
2 <1x;rQ_ixi 1 trQ—; + ! trQ_; — ! trE[Q_i]> +2 <1 trE[Q_;] — cm(z)) ,
n n n n n

so that

2 2 2
}E[d?] <E <1X;FQ_1-XZ- 1 tr Q_l> +E (1 trQ_; — ! trE[Q_iO + <1 trE[Q_;] — cm(z)) ,
2 n n n n

n

N~

D1 D2
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where the expectation of the cross terms vanishes due to the independence between Q_; and x;.

For the term Dy, it follows from the same line of arguments as the term 755 above that
Dy < Cn~—2 for some constant C' > 0.

For the term D, which characterizes the concentration property of the resolvent trace
tr Q_;, it can be bounded via a martingale difference argument using the Burkholder inequal-
ity, Lemma [A-TT]

For the sake of further use (e.g., in the proof of Theorem , we will prove a slightly more
general result on E[(tr Q_; — tr E[Q_;])?]. First note that by Lemma we may freely replace
Q_; with Q without altering the desired bound, and that we may generalize the bound to
E[(tr AQ — tr E[AQ)])?] for any deterministic matrix A of unit spectral norm, that is, such that
[Af2 = 1.

Specifically, under the notation of Lemma observe that we may write

%trA(EQ -Q)= g <Ez [; tr AQ] —Ei [i tr AQD
_ 1 i(Ei —Ei) [tr(AQ — AQ_y)],

n <
=1

(since E;[tr AQ_;] = E;_1[tr AQ_;]) for F; the o-field generating the columns x;41,...,%, of X
and with the convention E[f(X)] = f(X). This forms a martingale difference sequence so that
1 Qixix/Q_;

o
n14+Ix]Q_ix;

we fall under the scope of Burkholder inequality. Now, from the identity Q = Q_;—
(by Lemma [A.5)), we have that

1ix/Q;,AQ_ix;

1
E, —E;_ —tr(AQ_; — A =|(E; —E;_1)—
’( % % 1) |:n 1"( Q % Q):H ( % % l)n 1+%X;FQ_Z'XZ'
1 1.TO .x;
e Uy gy Qo
n|z| 1+ -x; Qix;
2
< —.
~ nlz]

As a consequence, it follows from Lemma that

2 4
E (:LtrA(Q - ]EQ)) <Cn!and E (:LtrA(Q - ]EQ)> <Cn? (6.23)

for any A € RP*P of unit norm and some constant C' > 0, and thus in particular for A = L,.
Having obtained the above bounds on both D; and Dy, we can thus conclude that

2 2
E[d?] < 2(D; + D3) +2 (:L trE[Q_;] — cm(z)> <Cn7'+2 (i trE[Q_;] — cm(z)> , (6.24)

for some universal constant C' > 0. Therefore, from Equation (6.22]) and Lemma it follows
that

[EIQ] = Q2 < Cun +Ca | - rE[Q) — am(2)] (6.25)

% trE[Q] — em(2)

) . (6.26)
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and therefore for any € > 0 and n > (Cs + ¢)p, one has

1 C
“trE[Q] — em(z)| < =L -nz, (6.27)
n €
and thus
_ C 1
IE[Q] - Qll2 < — -n72, (6.28)
for some universal constant C' > 0. This concludes the proof of Theorem O

Theorem [6.5] and [6.7] extend, in an asymptotic and non-asymptotic manner, respectively, the
LLN and matrix concentration results in Theorem and by providing precise characteri-
zation of the expectation of the random resolvent Qe (z) of the SCM C. This characterization
is technically challenging, due to the nonlinear matrix inverse in Qg(z) = (C — 21,)""; but it
is of great significance in the proportional n ~ p regime.

A few remarks on Theorem [6.5] and [6.7] are in order.

Remark 6.8 (Extension of Theorem to z = 0). Theorem is stated for any negative
z < 0. The condition z < 0 is crucial in the proof presented above since it allows for a
direct control on the random resolvent ||Qg(2)|l2 < 1/|z|. This, however, does not exploit
the information in the random sample covariance matriz C= %XXT € RP*™ on, e.g., how it
concentrates around its population counterpart C = ]E[C] To extend the results in Theorem
to, say, an inverse SCM of the type

Q(z=0) = <;XXT>_1 :

with z = 0, one first needs to ensure the inverse is properly defined for sub-gaussian X and for a
specific choice of p,n. An improved bound can be obtained by considering the concentration of
the sample covariance %XXT around its expectation. For instance, it follows from Theorem
that there exists universal constant C' > 0 such that for n > C(p + In(1/6)), one has, with
probability at least 1 — 4, 6 € (0,1/2] that

1 1
EXXT ~L|| <3, (6.29)

2

and therefore [|Q(z)|]2 < 1/2% < 2 for any z < 0. This allows for a control of the spectral
norm ||Q(z)|| < 2 that is independent of z < 0 and holds with probability at least 1 —§. Within
RandNLA, this strategy has been adopted [10], where results similar to Theorem have been
proved, by replacing the expectation E[Q(z = 0)] with a conditional expectation E[Q(z = 0) | £]
on an event £ that holds with probability at least 1 — ¢ and ensures the inverse (%XXT)*1 is

well defined as in Equation ([6.29)).

Remark 6.9 (Inversion bias). Continuing with Remark the fact that for a symmetric
and non-singular random matrix X, one in general has that

EX™ # (EX])™ (6.30)

is referred to as the inversion bias [10]. The inversion bias has direct consequences for ML. As
an instance, the authors of [10] identified the difference between (E[C])~' and E[C~!] in the
context where C is a sketched estimate of some covariance matrix; and they show how this dif-
ference impacts the performance of statistical inference and the convergence rate of distributed
optimization. Also, although we have proven it here only for X having sub-gaussian entries,
results of the type provided in Theorem have been extended to a wide range of random ma-
trices of interest in RandNLA [8| 11]. This includes so-called LEverage Score Sparsified (LESS)
sketching matrices that have numerous numerical advantages, e.g., in stochastic optimization [9,
10].
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Remark 6.10 (Theorem and as extensions of Theorem and . The-
orems and provide characterizations of the SCM in the proportional, and should be
compared and contrasted to Theorems [5.1] and in the classical regime. Precisely, depending
on the dimension ratio p/n, we have the following dual observation:

1. Classical regime. In the “easy” classical regime, with n > p (and thus p/n — ¢ = 0),
one has that C = 1XXT — E[C] = I, as n — oo, so that

(C—2L,) ' ~ (E[C] — 2L,) ' = (1 — 2)7 ', = Q(2). (6.31)

2. Proportional regime. In the “harder” proportional regime, for n ~ p with p/n — ¢ €
(0,00), one has instead

Q(2) ~ E[Q(2)] = E[(C — 2I,) '] ¢ (E[C] — 21,) " (6.32)

In this case, a Deterministic Equivalent Q(z) can be very different from the inverse ex-
pectation (E[C] — zI,)~ 1.

Equation in the proportional regime is not surprising since the matrix inverse is not a
linear operator, and so one can not swap the expectation and the inversem This observation
on the random resolvent matrix and its Deterministic Equivalent explains the different between
the spectral behaviors of C in Theorem and for n > p and in Theorem and for
n ~ p with p/n — ¢ € (0,00). The former is indeed as special case of the latter. It holds due
to the convergence C->C= I, that gets rid of the intrinsic non-linearity (due to inverse) in
the evaluation of eigenvalues and eigenvectors.

Non-uniqueness of Deterministic Equivalents. We have said that, for a given random
matrix model of interest, Deterministic Equivalents are not necessarily unique. For example, it
suffices that they approximate the expectation E[Q(z)] up to small error terms. In the Gaussian
case (as opposed to the more general sub-gaussian case, discussed in Theorem , an ezxact
Deterministic Equivalent for the SCM resolvent can be obtained. This can be used to provide
a very simple example of non-uniqueness, as is discussed in the following remark.

Remark 6.11 (Deterministic Equivalents for Gaussian inverse SCM). A very simple
example of Deterministilc Equivalents is the following. Consider the sample covariance matrix
C= %XXT, for X = C27Z and positive definite C € RP*P and Z € RP*™ having i.i.d. standard
Gaussian entries, i.e., Z;; ~ N(0,1). In this case, the invers C~! is known to follow the
inverse-Wishart distribution [22] with p degrees of freedom and scale matrix C~!, such that
EC ) =—" _¢c7, (6.33)
n—p—1
for n > p+2. On the other hand, it follows from Theorem by taking z = 0 in Equation ([6.7))
that™]

n

E[Q(2)] ¢ Q(2) = m(2)T, = — »

I, (6.34)

"More generally, the basic issue is that, since it corresponds to an inverse, the expectation of the resolvent
E[Q(2)] is often much less accessible, when compared to the expectation E[C], unless C ~ E[C] in a fairly strong
sense (which happens in the classical regime).

18Tn the Gaussian setting, the sample covariance C is known to be invertible with probability one if n > p and
C is invertible.

9Formally, neither Theorem nor Theorem holds for z = 0 and an arbitrary choice of p/n, since we
have assumed that |z| > 0 in the proof. This is, however, not an issue in the Gaussian setting, in which case the
explicit inverse Wishart moments can be used to replace the “rough” control on the ||Q(z)]| for z = 0.
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1—c n—p"
of the explicit form in Equation (6.33]), for n,p > 1 and C = I,,. This example also illustrates

4

with m(z) = —— = -, Equation (6.34]) is an approximation (a “first-order” characterization
q pPp

that the Deterministic Equivalents are not unique: we could replace the “—1” in denominator
of Equation ([6.33)) by any constant C’ < n,p to obtain another (equally correct) Deterministic
Equivalent.
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Appendix A

Technical Results and Lemmas

Here, we describe important technical results that we use.

Borel-Cantelli lemma. Borel-Cantelli lemma is among the most commonly used results
in probability, and asserts that if the sum of the probabilities of a sequence of events {4, } is
finite, then the set of all outcomes that are “repeated” infinitely many times must occur with
probability zero.

Theorem A.1 (Borel-Cantelli lemma). For a sequence of events Ay, Aa, ..., if Y -2 Pr(4,) <
00, then Pr(limsup,, ,., An)=0.

We will use Borel-Cantelli lemma to prove almost sure convergence of random quantities. For
example, if the sequence of random variables xy,xo, ... satisfy Pr(z, = O(n~1/?)) = n=2,
then by the fact that >°° Pr(z, = O(n~"?)) = 72/6 < co and Borel-Cantelli lemma in
Theorem we have that z, — 0 almost surely as n — oo.

Vitali’s convergence theorem. Vitali’s convergence theorem is generalization of the domi-
nated convergence theorem, which gives a sufficient condition under which limits and integrals of
a sequence of functions can be interchanged. Among other things, it gives a sufficient condition
for the convergence of expected values of random variables.

Theorem A.2 (Vitali’s convergence theorem [34]). Let fi, fa,... be a sequence of functions,
analytic on a region D C C, such that |f,(z)| < M uniformly onn and z € D. Further assume
that fn(z;) converges for a countable set z1,z2,... € D having a limit point inside D. Then
fn(2) converges uniformly in any region bounded by a contour interior to D. This limit is
furthermore an analytic function of z.

We will heavily exploit Vitali’s convergence theorem to study the behavior of resolvents Qnz(2)
and of Stieltjes transforms near the real axis (where it is almost singular but of utmost interest)
by instead studying its properties far from the real axis (where it is mathematically more
convenient). The theorem is particularly interesting as it states that the knowledge of f,, at a
countable number of points z1, zo, ... is sufficient to fully characterize the limit f. In practice,
we will use this property when proving convergence of functionals f,,(z) = g(Qm(z)—Q(z)) — 0
of random resolvents Qup(2) to deterministic equivalents Q(z) (here n is the growing size of
the resolvents). For example, if f,(z;) — 0 almost surely for each z1,z2,..., then by the
countable union of probability one events, f,(z;) — 0 with probability one uniformly on the
set {z1,22,...}, and by Vitali we obtain that f,(z) — 0 with probability one uniformly on a
possibly very large subset of C.
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Weyl’s inequality. Weyl’s inequality is a result that can be used to estimate the eigenvalues
of a perturbed Hermitian matrix.

Lemma A.3 (Weyl’s inequality, [18, Theorem 4.3.1]). Let A, B € RP*P be symmetric matrices
and let the respective eigenvalues of A, B and A + B be arranged in decreasing order, i.e.,
A > X2 > ... >N, Then, forallie{l,...,p},

Aitj—1(A) + A1 (B) < M(A +B) < \ij(A) + Nj1(B) (A1)
In particular,

. —\ < _
max [Ai(A) = Ai(B)] < ||A — Bll2.

We will use Weyl’s inequality to bound the difference between eigenvalues of two matrices, using
the spectral norm of their matrix difference.

Davis-Kahan lemma. The Davis-Kahan lemma is a result that uses the eigengap to show
how eigenspaces of a matrix change under perturbation. The following is a special case of it.

Lemma A.4 (Davis-Kahan lemma, [7]). Let A,B € RP*P be symmetric matrices and let the
respective eigenvalues of A and B be arranged in decreasing order, i.e., \i > A2 > ... > Ap.
Then,

|A — B2
min{|A;i—1(A) = Ai(B)], [Ait1(A) — Ai(B)|}

sinf (u;(A),u;(B)) < (A.2)
for sinf(uy,u2) = /1 — (uJu2)?, and w;(A),u;(B) the eigenvector that corresponds to the

eigenvalue of \i(A) and X\;(B), respectively. The right-hand side bound may depend only on the
eigengap of either A or B, at the price of a multiplicative factor of two, see [42].

We will use the Davis-Kahan lemma to bound the angle, as well as the difference in Euclidean
norm, between eigenvectors of two matrices, using the spectral norm of their difference.

Woodbury identity and rank-1 perturbation lemma. The Woodbury identity is a result
that relates the inverse of a rank-k perturbation of a matrix to a rank-k correction to the inverse
of the original matrix. As such, it allows cheap formal computation of inverses and solutions to
linear equations.

Lemma A.5 (Woodbury identity). For A € RP*P, U,V € RP*", such that both A and A +
UVT are invertible, we have

(A+UVHl=A"l AU, + VAU IVTA~L

In particular, forn =1, i.e., UVT =uv' forU=u e RP and V = v € RP, the above identity
specializes to the following Sherman—Morrison formula,

B A lu

14 vIA- I

A luvTA!

A Ty-1 _ j\:_l _
(A +uv’) 14+vTA-1u’

and (A +uv’)tu

And the matriz A +uv’ € RPXP s invertible if and only if 1 + v A~ u # 0.

Letting A = M —zI,,, z € C, and v = 7u for 7 € R in Lemma [A.5]leads to the following rank-1
perturbation lemma for the resolvent of M.
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Lemma A.6 (Rank-1 perturbation lemma, [29, Lemma 2.6]). For A,M € RP*P symmetric,
ueRP, 7R and z € C\ R,

[A[l2

S(2)]

)tr AM +7uu’ —21,)" —tr A(M — zIp)_l‘ <

Also, for A,M € RP*P symmetric and nonnegative definite, u € RP, 7 > 0 and z < 0,

Al
E

tr A(M +7uu’ — 2L) "t —tr A(M — zIp)_l‘ <

We will use these results to perform “leave-one-out” type analysis and obtain a self-consistent
equation to retrieve Deterministic Equivalents for (random) resolvent matrices.

Resolvent identities. The resolvent identities allow one to manipulate the difference and
products involving resolvent matrices (or inverse of matrices).
Lemma A.7 (Resolvent identity). For invertible matrices A and B, we have

Al -Bl'=A'B-A)BL

Proof of Lemma[A.7 This can be easily checked by multiplying both sides on the left by A
and on the right by B. O

Lemma A.8 (Resolvent trick). For A € RP*" and B € R™*P, we have
A(BA —:I,)"' = (AB — 21,) A,
for z € C distinct from 0 and from the eigenvalues of AB.
Proof of Lemma[A.8 Left-multiply both ends of the equality by AB—zI, to obtain A = A. O

We will use the above resolvent identities to retrieve Deterministic Equivalents for random
resolvent matrices.
For AB and BA symmetric, Lemma is a special case of the more general relation

A-f(BA)=f(AB)-A,

with f(M) = Uf(A)UT under the eigen-decomposition M = UAUT and f complex analytic.
Since f is analytic, f(BA) =" c;(BA)" for some sequence {¢;}3°, and thus A - f(BA) =
S 2oci(AB) - A = f(AB) - A.

Sylvester’s identity. Sylvester’s identity connects the determinant and thus eigenvalues of
AB to those of BA, that is, when the (multiplication) order in a matrix product is swapped.

Lemma A.9 (Sylvester’s identity, also known as the Weinstein—Aronszajn identity). For A €
RP*™ B € R™P and z € C\ {0},

det (AB — zI,) = det (BA — zI,,) (—2)P "
Proof of Lemma[A-9 It suffices to develop the block-matrix determinant (recall that det (& B) =
det D - det(A — BD!C) = det A - det(D — CA~!B) when A, D are invertible)

det <Z]§p j?) = det(zI,) - det(z1, — BA) = det(z1,,) - det(zI, — AB).

This concludes the proof of Lemma O

We will use Sylvester’s identity to obtain self-consistent equations and to retrieve Deterministic
Equivalents for (random) resolvent matrices.
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Block matrix inversion lemma. An immediate consequence of Sylvester’s identity is that
AB and BA have the same nonzero eigenvalues (those nonzero values of z for which both left-
and right-hand sides vanish). Thus, say for n > p, AB € RP*P and BA € R™*" have the same
spectrum, except for the additional n — p zero eigenvalues of BA. This remark implies the next
identity.

Lemma A.10 (Block matrix inversion lemma). For A € RP*P, B € RP*", C € R™*P and
D € R™"™ with D invertible, we have

A B\ ' s—! —S~'BD!
Cc D) \-D!cs! D!'+DI!CS!BD!)’
where S = A — BD!C is the Schur complement (for the block D) of (é B)@

We will use the block matrix inversion lemma in handling inverse/resolvent matrices.

Burkholder inequality. Burkholder inequality is a concentration result concerning (the sum
of) martingale difference sequences, and is of particular interest when the independence struc-
ture exists but is highly complex for the objective of interest.

Lemma A.11 (Burkholder inequality, [3, Lemma 2.13] ). Let {X;}°, be a martingale difference
for the increasing o-field {F;} and denote Ey the expectation with respect to Fy.. Then, fork > 2,
and some constant C), only dependent on k,

n
>
=1

We will use Burkholder inequality specifically to prove concentration result involving resol-
vent /inverse matrices. Precisely, denote E;[Q] the expectation of the random matrix Q condi-
tioned on its first (or last) ¢ columns inside the inverse, the sequence {(E; —E;_1)[Q]}!_; forms
a martingale difference sequence (of matrices); the fluctuation and concentration of such objects
(which in a way extend the notion of series of independent random variables) can be controlled
with Burkholder inequality.

k k/

n

Y Eia[Xif)

i=1

2 n
E <Oy |E + Y E[X:["]
=1

29The Schur complement S = A — BD'C is particularly known for its providing the block determinant
formula det (& B) = det(D) det(S), already exploited in the proof of Sylvester’s identity, Lemma
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