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Abstract

In this paper, built upon recent advances in the high-dimensional characterization of neural tangent
kernels (NTKs) with random matrix techniques [5], we derive precise high-dimensional training
dynamics for wide and deep neural networks (DNNs). By assuming a two-class Gaussian mixture
model for the input data, exact expression of the training mean squared error (MSE) is derived, as
a function of the dimension p, sample size n, and the statistics of input data, the depth L, as well as
the nonlinear activation function in each layer of the network. The theoretical results provide novel
insight into the inner mechanism of DNNs. Numerical experiments on not-so-wide networks are
provided to validate the proposed asymptotic results.

1. Introduction

Large-scale machine learning models such as deep neural networks (DNNs) have made remarkable
progress over the past decade, with a long list of successful applications ranging from computer
vision [11], game [17], to natural language processing [20] and Al-generated content [7].

Despite the notable empirical success of DNNs, our theoretical understanding of them is pro-
gressing at a more modest pace. As a telling example, it still remains unclear why over-parameterized
DNN models generally do not overfit, when trained on simple first-order methods such as the
(stochastic) gradient descent [1, 13, 15]. The neural tangent kernel (NTK) [10], in this respect,
provides a powerful tool in assessing the convergence and generalization properties of deep and
wide neural networks, via a study of the associated neural tangent kernel functional space.

Yet, the practical computation and/or the theoretical assessment of NTKs remains not easily
accessible, due to their mathematically involved and implicit form dependent on the input data and
network architecture. This further poses technical challenges in applying NTK in the theoretical
assessment of DNN models. These issues have been partially resolved in our recent paper [5],
by providing, for Gaussian mixture data, precise high-dimensional characterization of the NTK
matrices for a fully-connected DNN model. This further allows for:

(1) efficient numerical computation of the NTK matrix with complexity independent of the net-
work width or depth, and only depends on input data as well as the activation in each layer
through an iterative equation with a few parameters; and

(ii) theoretical assessment of, e.g., how different choice of activation functions affects the NTK,
and the consequence of the convergence and generalization of the network.
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In this paper, built upon recent progress in random matrix theory [3, 12], we derive precise
training dynamics for deep and wide neural networks, when the input data are drawn from a high-
dimensional two-class Gaussian mixture model. The obtained results can be used to “predict” the
training dynamics of a given (wide and deep) network, without explicit computing the correspond-
ing NTK matrix or its high-dimensional equivalent [S]. The proposed analysis provides novel in-
sights into the interplay between the input data distribution and the network under study (for which
a phase transition phenomenon might occur in the NTK eigenspectrum), and extends the analysis
in [12] (performed on a toy linear regression model) to the more involved DNN model.

Notations. We denote scalars in lowercase letters, vectors in bold lowercase, and matrices in bold
uppercase. We denote the transpose operator by (-) ', and use || - || to denote the Euclidean norm
for vectors and spectral/operator norm for matrices. For a random variable z, E[z] denotes the
expectation of z. We use 1, and I, for the vector of all ones of dimension p and the identity matrix
of dimension p x p, respectively. We use O(-), o(-) notations as in standard asymptotic statistics [19].

Organization of the paper. In the remainder of this paper, we present the GMM data and fully-
connected DNN model under study, together with preliminary results in NTK in Section 2. Our
main results on the precise training dynamics are given in Section 3. Numerical experiments are
conducted in Section 4 to validate the proposed theoretical analysis.

2. System Model and Preliminaries

2.1. System model

We consider training data x1, .. .,x, € RP and their labels y1, . ..,y, € {£1} independently and
uniformly drawn from the following binary Gaussian mixture model (class C; versus Co):

class Co:  yi = (—1)%,  /pxi ~N(yip, L), a€{1,2}, (1)

for some deterministic mean vector i € RP. Collecting the n data vectors into a matrix X =
[X1,X2,...,%,] € RP*™ and the associated labels into a column vectory = [y1, 42, ..., ya] € R",
this leads to the “signal-plus-noise” model for (X,y) as \/pX = py ' + Z, with random matrix
Z < RP*" having i.i.d. standard Gaussian entries.

We focus here on the training dynamics of a deep fully-connected neural network with a scalar
output. Let W, € RU*P ... W, € R%*%-1 be the (intermediate) weight matrices and o1, - - - , o¢
be the nonlinear activation function of each layer, the network first maps the input data X € RP*"
to their representations X,(X) € R%*™ at layer ¢, for ¢ = 1, ..., L, given by (the columns of)

B 1 1 1 1
Ee = zg(X) = \/@Ug <\/d£jWgO'gl < .. \/7702 <\/aw20'1 (W1X)>>> , (2)

and then to the (scalar) output f(X) = X1 (X)"w € R" via the readout weight vector w € R,

Our objective is to evaluate the high-dimensional dynamics of the model in (2) in minimizing
the following mean squared loss

L(O) = SIFO0) ~ ¥l F(X) =20 (0)Tw, G
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for @ = [vec(Wy),--- ,vec(W), w], with full-batch gradient descent, in the infinitely wide NTK
regime [10] as dy, - - - ,dy, — oo, or more specifically, for d; > max(n,p), { =1,---, L.
As in [3, 5, 10], we put ourselves under the following assumptions.

Assumption 1 (High-dimensional regime) The data dimension p and sample size n are both
large and comparable, that is, as n — oo, n/p — ¢ € (0,00) and ||| = O(1).

Since the data are uniformly drawn from the binary GMM with prior probability 1/2 each, the
cardinalities 11, no for the two classes satisfy n,/n — 1/2 almost surely as n — oo, a € {1,2}.

Assumption 2 (Random weights initialization) The weights W1,..., W, and w att = 0 are
independent and have i.i.d. zero-mean and unit-variance entries with finite eight-order moment.

Assumption 3 (Activation functions) The activations o1, ...,0y, are (at least) four-times differ-

entiable for the standard normal measure, that is, maxk€{0717273y4}{]E[aék) (©)]|} < C for some
constant C > 0, ~ N (0,1), ¢ € {1,...,L}.

2.2. Learning dynamics, NTK, CK, and their high-dimensional equivalents

The dynamics of the network output f;(X) in (2), when trained using gradient descent with a suffi-
ciently small learning rate, can be well described with the NTK, in the infinitely wide regime (also
known as the NTK regime, with d; > max(n, p)), by the following differential equation [9, 10]:

O f1(X) = g, f1(X) - 0,0, = Do, f1(X) - (=1 (Do, f1(X)) - Oy, L)
= —n- 0, [t(X) - (Do, i(X)) " - (fi(X) —y) = —n-Knrx,L - (fi(X) —y). @

The solution to (4) is explicitly given by
fi(X) = e M KNTK L fo(X) + (I, — e—ﬁt'KNTK,L) 'y, 5)

so that the (normalized) training MSE is given by

B= S fX) ~ vl = o (oK) —3) T e K (fy(X) —y),©)

which will be our central object to study in this work.

As we shall see below in Theorem 3, the DNN training dynamic E; in (6) can be expressed as an
explicit function of the conjugate kernel K¢k ¢ and neural tangent kernel Kn1k ¢ matrices, defined
respectively as [10]:

Kcke =E[Z] 2] € R, Ktk = Kcke + Knrie-10Kegye, (€ {L,...,L}, (1)

with KnTtk o = Kcko = XX, ‘A o B’ the Hadamard product between two matrices A, B,
3, € R%*" a5 defined in (2), and the matrix K/CK,e is obtained by changing the activations oy to
oy in the definition of X in (2). (Note the expectation is taken with respect to the random weights
Wi, -, W)).

In the following, we recall the precise high-dimensional equivalent results in [5], under the
binary GMM setting of (1), for conjugate kernel (CK) and neural tangent kernel (NTK) matrix
in Theorem 1-2, respectively.
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Theorem 1 (High-dimensional equivalent for CK: two-class, [S, Theorem 1]) Under Assump-

tion 1-3, let 1o, ..., 7, > 0 be a sequence given by the following recursion:
70 = \/Elo(1e-1€)], £€~N(0,1), £e{l,...,L}, 7 =1, ®)
with “centered” activation functions such that E[oy(my—1§)] = 0, we have, as n,p — oo that

|Kcx . — Kex || — 0 almost surely, with
Kok = a1 X X+ agapp | /p+ auslyl,) /p+arol,, oo =717 — g0 — tgas, (9)

for data fluctuation 1 = \/f){Hxi—E[xi]HQ—E[HXZ-—E[xi]HZ]}?Zl eR™ and o, 001,002,003 >
0 satisfying

1
ap = Eloy(re—18)Pav—11,  aro = Eloy(re-1€) a1 + ZE[JZI(TZ—lg)]QO‘%—lAy (10)
1
aps = Elop(m—16)Pap—13 + iE[JZ(Te—ﬁ)}QOé%_Lp 1n

with g4 = a1 4E [(02(75_15))2 + O'g(Tg_lf)O'z(Tg_lf)] for & ~ N(0,1).

Theorem 2 (High-dimensional equivalent for NTK: two-cla}ss, [5, Theorem 2]) Under the same
settings and notations as in Theorem 1, we have | Kntk ¢ — Kn1k ¢|| = 0 almost surely, with

Knti = BeaX X + Booh " /p+ Beslal, /p+ Booln,  Bro = ki — 76801 — 7o B3,

for ¢p € R", 7y > 0 as in Theorem 1, T, > 0 as defined in (8) with activation o' instead of o,
/’i? = TZQ + Té2, and non-negative scalars By, Be1,Be2, Be3 > 0 satisfying

Bea=ap1 +E [02(75—15)}2 Be—11, Be2 =0z +E [0’2(74—15)}2 Be-1,2, (12)
Bes =z +E [op(1e-18)] 2Br13+E [o7 (Te-18)] 2 11811 (13)

Theorem 1 and 2 provide a precise characterization of the CK and NTK matrix, respectively,
and pave the way for both efficient numerical computation and analytic assessment of these matrices
and their functionals (e.g., the training and generalization dynamics of the network).

From a computational perspective, the evaluation of CKs and NTKs relies on either high-
dimensional integration or averaging over a huge number of independent realizations of the net-
work [16], and can be burdensome particularly when the data dimension/size and/or the network
depth is large. In this vein, the high-dimensional equivalents in Theorem 1-2 provide, for high-
dimensional GMM data, a computationally more accessible “proxy” to CK and NTK matrices, and
their eigenspectral functionals such as the learning dynamics to be discussed in Section 3 below.

From a theoretical analysis perspective, the results in Theorem 1 and 2 provide a key enabler
to assess, e.g., how the choice of activations impacts the NTK via the parameter ys. Notably, it
is of interest to observe that even activations like o(¢) = cos(t) will lead to E[o’(7£)] = 0 so that
Beq = 0 forall £ > 1, and will thus predictably perform poorly for GMM data with different means
as in (1); while odd activations such as o (t) = sin(¢) in general result in 3, ; # 0 and thereby avoid
this issue. This observation is numerically supported by Figure 1 below, and we refer the readers to
[5] for more detailed discussions and numerical evidence.
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3. Main Results

With Theorem 1 and 2 at hand, we are ready to present the main results of this paper. Our first result
is the following high-dimensional characterization of the training MSE dynamics of E} in (6), the
proof of which can be found in Appendix B.

Theorem 3 (High-dimensional equivalent for training dynamics) Under Assumption 1-3 and
as n,p — oo with dg/ max(n, p) — oo, we have, for training MSE E; defined in (6) that

~ ~ 1 ~ ~ 1 -
Et — Et — 0, Et = 27 tr (6_2ntKNTK‘L . KCK’L> + 27yT . 6_2ntKNTK’L 'y
n n

with KNTK, L, KCK’ L the high-dimensional equivalents in Theorem 1-2 with { = L, respectively.

As a consequence of the explicit expressions in Theorem 1 and 2, it follows from Theorem 3
that the training dynamics in (6) can be determined as an explicit function of the data Gram matrix
X X (which is still random due to the randomness in X, but is now independent of the weights
W) and a few scalar parameters (the as and s) pertinent to network activation functions.

We further show, in the high-dimensional regime for n, p large, that the random FE, in Theorem 3
(and thus the training MSE F;) can be well approximated by a deterministic quantity, the expression
of which involves integration over the Marcenko-Pastur law [14] and is given as follows.

Theorem 4 (Precise high-dimensional training dynamics) Under the settings and notations of
Theorem 3, we have, for training MSE E; defined in (6) that Ey — Ey — 0 almost surely, with
deterministic F; explicitly given by

2Bt 1 d
B= e [(a Tt gy ||u||2> #dn) + Tl

with the shortcuts oy, = ap g, B = Br k. k € {0, 1} as defined in Theorem 1 and 2, two probability
measures

p(dz) = Viz = A;:C;M — o)l dz 4+ (1 — ¢ HTo(x), (14)

VE 00, (el - e
) = O — ) T Tl

O, (%), 15)

for (1) = max(t,0), A+ = (1 & \/c)? the left and right edge of the popular Mar&enko-Pastur
law [14], as well as

_ {1 tetelpl®+pl™ = A ifllel® > 1/Ve, (16)

P la+veR= otherwise.

Proof [Proof sketch of Theorem 4] By Theorem 3, our object of interest £ can be well approxi-
mated by Et in the NTK regime, and it thus remains to evaluate the trace (i.e., tr(e_QntKNTKvL KCK’ L))
and quadratic (i.e., yTe_QntKNTK*Ly) functional forms of the two random kernel matrices KNTK
and KCK, that are (deterministic) low-rank perturbations from standard Wishart random matri-
ces. As such, the proof of Theorem 4 can be achieved by (i) using Cauchy’s integral formula to
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rewrite the aforementioned matrix functionals as a complex integration of the resolvent functionals
of KNTK and KCK; and (ii) approximating the random integrand by their deterministic equiva-
lents [3, 6] (derived with the help of the Woodbury matrix identity in Lemma 2 and the Maréenko-
Pastur deterministic equivalent in Lemma 5); then, (iii) the (now deterministic) complex integration
can be explicitly computed by carefully decomposing the contour to encompass both the possible
isolated eigenvalues (due to the low-rank perturbation terms of p, % and 1 in Theorem 1 and 2) and
the Maréenko-Pastur main bulk. The detailed derivations can be found in Appendix C. |

The result in Theorem 4 provides novel insight into the impact of data (statistics) on the training
dynamics of DNNs. In particular, depending on the signal-to-noise ratio (SNR) || u||? of the GMM
data in (1) and the dimension ratio ¢ = lim n/p, a “phase transition” can be observed for the largest
eigenvalue of XX, and thus in the NTK eigenspectrum: as long as ||u[?> > 1/+/c, a “spiked”
eigenvalue (at A\, > M) isolates from the main Marcenko-Pastur bulk, and gets larger as |||
increase. This has a direct consequence in the DNN learning dynamics and may dominate the
dynamics in the initial stage of training, see Section 4 below for numerical evidence.

4. Numerical Experiments

In this section, we provide numerical results to validate the asymptotic analysis in Theorem 3 and 4.
We train a fully-connected neural network model as defined in (2) with three hidden layers of width
dy = 10000 and sine or cosine activation oy(t) = sin(t), cos(t), for all £ = 1,2,3. We compare,
in Figure 1(a), the temporal evolutions of the training MSE of (i) the actual training dynamics with
gradient descent (of learning rate 0.01) and sine activation, denoted RT-sin in Figure 1(a); and
(ii) its high-dimensional random equivalent Et given in Theorem 3; and (iii) its high-dimensional
deterministic equivalent £; given in Theorem 4; as well as (iv) the training dynamics E; predicted
by the NTK theory as in (6). We observe that the proposed Theorem 3 and 4 allow for a rather
accurate assessment of the training dynamics within the reach of the NTK theory (i.e., E, and E,
to compare with F; in (6) as proposed by the NTK theory), but nonetheless away from the actual
gradient descent dynamics of finite width networks by a significant gap.

To illustrate the impact of different activations on DNN performance, Figure 1(a) also depicts
the actual training dynamics of the same network, but with “centered” cosine activation. In this
case, it is known (see Theorem 2 and the discussion thereafter) that the network is not trainable in
the NTK regime and cannot yield satisfactory performance in classifying the Gaussian mixture in
(1), as demonstrated by the plateau at large MSE (denoted RT-cos) in Figure 1(a).

Besides, as discussed after Theorem 4, the “signal strength” ||| of GMM data has a significant
impact on the DNN training dynamics. Experiments are conducted, in Figure 1(b) and Figure 1(c),
for GMM data with ||| = 32 and ||ps||? = 0.5, respectively, with the same network and training
procedure as above. We observe in Figure 1(b) that a larger ||u/|? leads to a rapid initial drop in
the training MSE, essentially due to the integration over v, and more specifically, to the “spiked”
eigenvalue A, in Theorem 4, referred to as the “Spiked term” in Figure 1(b) and Figure 1(c). It
can indeed be shown that A\, corresponds to the largest eigenvalue of the NTK matrix. These
observations align with previous studies [4, 10] that investigate the impacts of the largest eigenvalues
of the NTK. For ||p/|? small, on the other hand, the training MSE decreases very slowly, and much
more time is needed for the training, as illustrated in Figure 1(c).

To evaluate the computational benefit of the proposed exact training dynamics in Theorem 4,
we compare in Table 1 the running time of (i) the actual gradient descent, (ii) the random equivalent




HLDs orF DNNS IN THE NTK REGIME

0.8 : 0.8 z ‘ ‘ 0.8
m-mm RT-sin --- Eq - E;
L2 === RTcos || 0.6 + = = = Spiked term || 0.6 = = = Spiked term ||
200 Py .
S YL it | | R |
o0 0.48% g~ | By || 0.4 | 0. "~
E . wnnns Eyin(6) p S
= * 0.2 [ . 0.2 - Seenl —
= 0.2 5 £ — S " uay
= (#) ~ Seagy
R TR L Qe o e, 0 ! ! T
0 IALLLLLLTTT PP 20 40 60 80 100 20 40 60 80 100
20 40 60 80 100 L o
Training time ¢ Training time ¢ Training time ¢
(@) sine versus cosine (b) ||p||* = 32 © |pll> =0.5

Figure 1: Training dynamics of a 3-hidden-layer fully-connected network with “centered” activa-
tions sine and cosine, layer widths dy = 10000, for Gaussian mixture input data with
n = 5200, p = 5000, with ||u||? = 32 and 1/2. Gradient descent with step size 0.01.

training dynamic E; in Theorem 3, and (iii) the deterministic training dynamic E; given in Theo-
rem 4, for 500 times steps in the same setting as Figure 1(a). We see that the precise analysis in
Theorem 4 greatly accelerates the training dynamics prediction, since the integration in Theorem 4
can be computed much more efficiently than matrix products of huge size.!

Table 1: Running time (mean + starldard deviation) of gradient desceint (RT-sin, with GPU acceler-
ation), random equivalent E}, and deterministic equivalent F; in the setting of Figure 1(a),
for 500 time steps. Results are obtained by averaging over 10 independent runs.

RT-sin E; E;
Running time (s) 996+ 1.4 65.14+53 49+04
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In the appendix of this paper, we present in Appendix A the technical lemmas to be used
throughout the proof; in Appendix B the proof of Theorem 3; and in Appendix C the proof of
Theorem 4.

Appendix A. Useful lemmas

Lemma 1 (Quadratic-form-close-to-the-trace, trace lemma, [3, Lemma 2.11]) Ler A € R™*"
be a deterministic matrix of bounded spectral norm and w = |[wy,...,w,]" € R" be a random
vector having independent entries with zero mean E[w;| = 0, unit variance Var|w;| = 1, and finite
eighth-order moment E[w?] < oc. Then,

1 1
“wlAw — —trA — 0, (17)
n n

almost surely as n — oo.
Lemma 2 (Woodbury matrix identity)
-1 -1
(A + CBCT> —A'_AlC (B—l + CTA_10> CcTA (18)

Lemma 3 ([18, Lemma 2.6]) For A, M € RP*P symmetric and nonnegative definite, u € RP, 1 €
R and z € C\ supp (M + TuuT),

S Al
dist(z, supp p (M + Tuu ))

-1
tr A (M +ruu — zIp) —tr A (M — 21,) "

with dist(z, supp p (M + TuuT>) the distance between z and the support of the eigenvalue dis-

tribution of M+ 7uu . This lemma establishes that low-rank perturbations have a negligible effect
on the trace of the inverse of a matrix.

Lemma 4 (Cauchy’s integral formula) For I' C C a positively (i.e., counterclockwise) oriented
simple closed curve and a complex function f(z) analytic in a region containing I and its inside,
then if zy € Cis enclosed by T,

f@@:—;nrg%gw;
if not,
1gfe)

dz = 0.
2m Jp 20 — 2 :

Lemma 5 ([3, Theorem 2.4, Marcenko-Pastur]) Ler X € RP*™ with i.i.d. columns x; such that
X; has independent entries with zero mean, unit variance, and some light tail condition t and denote

Q(2) = (1xXT - zIp)_1 the resolvent of LXXT. Then, as n,p — co with p/n — ¢ € (0, c0),

Q(2) « Q(2), Q(z) =m(2)I,

10
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zem?(z) — (1 —c—2)m(z) +1=0

The function m(z) is the unique solution as the Stieltjes transform of the probability measure p
given explicitly by

p(dz) = (1 - c_l)+ do(x) +

\/(x —E )" (Ey —2)Tde

where E+ = (1+/c)? and (x)™ = max(0, x), and is known as the Marcenko-Pastur distribution.
In particular, with probability one, the empirical spectral measure |11 xxT converges weakly to fi.

2mex

Lemma 6 (Weyl’s inequality, [8, Theorem 4.3.1]) Let A, B € RP*P be symmetric matrices and
let the respective eigenvalues of A, B and A + B be arranged in nondecreasing order, i.e., \1 <
A2 < ... < Apo1 < A\ Then, foralli € {1,...,p},

)\7,(A + B) S A’L+](A) + )‘P*j(B% ] = 07 17 Y ia

>\i—j+1(A) + )\](B) < )\Z(A + B), jg=1...,1
Lemma 7 (Eigenvalue phase transition, [2, Theorem 2.1]) Let X,, be an n X n symmetric (or
Hermitian) random matrix with ordered eigenvalues \1 (X)) > --- = A\, (Xy,). Let ux,, be the
empirical eigenvalue distribution defined as

n

1
IX = Do)

j=1
Assume the probability measure j1x, converges almost surely weakly, as n — oo, to a nonrandom
compactly supported probability measure ux. We suppose the smallest and largest eigenvalue of
X, converge almost surely to a and b.

Let P,, be an n x n symmetric (or Hermitian) random matrix having rank r with its r non-zero
eigenvalues equal to 01, . . . | 0., which are deterministic non-zero real numbers. And we define index
s€{0,...,r}suchthat0y > - >20s>0>051 > > 0,.

Consider the rank r additive perturbation of the random matrix X,, given by

X, =X, +P,.
For the extreme eigenvalues of Xn each1 <1 < sasn — oo, we have
(5, [k (410002 1 ()
b otherwise,

while for each fixed i > s, \; (Xn L5,

Similarly, for the small eigenvalues, we have that for each 0 < j < r — s,

A (Xn) LEN m;)l( (1/9r—j) if; <1/mux (a™),
J a otherwise,

while for each fixed j > r — s, \—; (Xn) % a

Note that )

Myux (2) = /,zt dpx(t)  for z & supp x,

is the Stieltjes transform of ux, m;}( (+) is its functional inverse.

11
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Appendix B. Proof of Theorem 3

In this section, we consider the fully-connected DNN model as in (2) of depth L:

1 1 1 1
EE(X): gy ( nggfl <...\/£0'2 <\/EW20'1 (WlX)))) , /= 1,...,L,
19)

and denote W (0), w(0) the initial (random) states of the DNN weights W, w at time ¢ = 0, and
collects all vectorized weights at initialization as

W(0) = [vec(W1(0)),- -+, vec(WL(0))],
0 = [vec(W1(0)),--- ,vec(W(0)),w(0)].
For random z, we denote E,[f(x)] the expectation of f(x) with respect to .
Organization of the proof of Theorem 3 Recall our object of interest here in Theorem 3 is the

normalized training MSE E} in the (infinitely wide) NTK regime given in (6) as

Bu= S 1K)~ yIB = o (ofX) —3) T - Kmer - (f(X) — )

1 1 1
= 5 fo(X) e #IINTIL fo(X) — = fo(X) e Nt Ly o oy Tem 2Ty, (20)

=E2 =R} =E¢

/

with fo(X) the output of DNN at time step ¢ = 0 as
fo(X) = 1 (X)w(0) € R, @1

with 37, (X) given in (19).
To prove Theorem 3, it suffices to show that under Assumption 1-3 and as n,p — oo with
dy/ max(n,p) — oo, we have

1. Bf — Ef — 0 with B¢ = - tr (e—mkNTK,L Kk, L); and
2. Ef — 0; and

3. Bf — B¢ — 0 with Ef = ﬁyT e~ KT L y,
for the high-dimensional equivalent CK and NTK matrices KCK, 1, and Ii(NTK’ L, given respectively
i{l Theqrem 1~ and Theorem 2. This allows one to conclude that £y — E; — 0 as n,p — oo with
E; = E} + EY, and thus the conclusion of Theorem 3.

Detailed derivation of E¢ — E¢ — 0 For the term E = = fo(X) T - e ENTRL L £(X), by
substituting fo(X) with the definition in (21), we get

1 1
Ef :%fo(X)T LeTPIPENTIL L f(X) = %W(O)TEL(X){W'KNTK’LEL(X)TW(O)v

for which we would like to apply Lemma 1 with A = X (X) - e 21"KEntr.2 .35 (X) T to conclude
that Ef ~ 51 tr(3(X)e 27 Knri.e 33/ (X)) under Assumption 2.

12
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To that end, we need to first establish a spectral norm bound for the random matrix X, (X) -
e~ 2ntKnTK.L . 33 (X)) in the large dy, n, p regime. Note that with d; > max(n, p) with dg, n, p —
o0, we have, by the law of large numbers that

¥.(X) 2L(X) — Ew [EL(X)TEL(X) 0, (22)
almost surely, so that

LX) EL(X) =Ew EL(X)TEL(X)} + oy, (1) = Kok, + o), (1) = Kek,r + o), (1)

(23)
where we denote oj.,(1) a matrix having (almost sure) vanishing spectral norm as n,p — oo and
used the definition of CK matrix K¢y 7, in (7) in the second and Theorem 1 in the third approxima-
tion. We thus have

IZL(X) - e 2RI 53 (X)) T < [[BL(X) TSL(X) g - [le 2 HNmer |
< Z(X)T2L(X) 2 = [Kek Lll2 + o(1) = O(1)
almost surely as dy,n,p — o0, where we used the non-negative definiteness of~ KnNTK, 1, per its
definition and the approximation in (23) in the second line. The conclusion that [|[Kck 1|2 = O(1)

can be reached by using Theorem 1 and standard RMT arguments. This allows us to write with
Lemma 1 that

1
Bf = 5ow(0) B (X) e 1T 5 (X) Tw(0)
1
= oot (p(X) e s 2, (X)T) 4 o(1)
1 1 z ~
= o tr (6—27775~KNTK,L . KCK,L) +o(1) = o tr (e—Znt-KNTK,L . KCK,L) +o(1) = E +o(1),

where we used Theorem 1 and Theorem 2 in the last line. This concludes the proof of E;* — Eg — 0.

Detailed derivation of Ef — 0 For the term E} = 1 fo(X)T - e 27 KNTK.L .y we compute its
mean and variance as follows. First, note that

1
Eo[EY] = EEB [fo(X)T - e~ 2 KNTK, L -y}
1
= HEB [W(O)TEL(X) . 6—277t'KNTK,L .y} (24)
1 —_— .

where we used the independence between w(0) and W (0), together with the fact that E[w(0)] = 0.
For the variance of E?, we have

1
o (] = 0 [T =y T ]

1
= B [W(0) B (X) e By T B Rmes 5y (X) T (0)

13
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1
= —tr (EW(O) [2L(X) . e 2t KNTK, L y- yT e 2ntKNTK, L, ZL(X)T] Idg)

2
n
1
= s tr (EW(O) [e*2nt-KNTK,L y- yT e 2ntKNTk, L, EL(X)TEL(X)D
_ LQ tr (e—2nt-KNTK,L Ly yT . e—2nt-KNTK,L . KCK,L)
n
1
< eI K g - e NIy = O(n ), (26)

where we used again the definition of CK matrix in the fourth, the fact that llyll3 = n in the fifth,
and [|[Kck |2 = [[Kek,zll2 + o(1) = O(1) in the last line. The results in (24) and (26) are
sufficient to show that

1
Ef = —fo(X)T - 721 HNTKL .y — 0 @7)
n
in probability as dy,n,p — oo. To establish an almost sure convergence result, one can similarly

bound the fourth-order moment of E? and apply Borel-Cantelli lemma.
Further, note that

1 1 > -
f= 5oy e Ny = Ly ety o(1) = Bf +o(1),  (28)

with Theorem 2 and the fact that ||y ||3 = n. This concludes the proof of Theorem 3.

14
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Appendix C. Precise high-dimensional training dynamics

The proof of Theorem 4 is shown in this section. We first introduce the process of the proof and
elaborate on each step in Appendix C.1, which will be helpful for readers to follow the detailed
proof shown in Appendix C.2. We follow notations in the main paragraphs and in Appendix B.

C.1. The calculation process with random matrix tools

Notations and Setup What we encounter in this work is to calculate a scalar mapping of a func-
tion f(M) of M € R™ " (e.g., tr(f(M)) and a' f(M)b), with M a (deterministic) low-rank
perturbation from a Wishart random matrix M, in particular, both K¢k and KynTk belong to this
kind of matrix. And f is an analytic function at the area of interest.

C.1.1. COMPUTATIONAL PROCEDURE FOR THE CALCULATION OF A SCALAR FUNCTION f (M)

The calculation is performed by first converting the mapping of f (M) to a complex integration of
the resolvent QM( ) = (M — zI,,)~! per Cauchy’s integral formula, then by replacing QM(z) with
its deterministic equivalent > matrix QM( »)» We manage to convert the integral of a function of the

random matrix QM( 2) into the integral of a function of the deterministic matrix QM( 2y which also
makes it feasible to perform the complex integral followed. R
As an illustration, we consider the process for the calculation tr( f(M)), which is as follows:

Cauchy’s integral formula Complex integral

() = —5 5 f 16 r@uuld= =~ § S Qu(e)idz =~ f 1

Deterministic Equivalent

(29)
with m(z) = tr(QM(Z)) and ~y the contour encompassing all eigenvalues of M .
We will then elaborate on each step.

Cauchy’s integral formula As a symmetric matrix, we can perform spectral decomposition on
M and get M = UAUT |, with U = [uy, ..., u,] € R and A = diag {/\1(1\7[), .- )\n(M)}.
And thus

J(M) = F(UAUT) = Uf(A)UT = Udiag { f(0:(M)), ..., f0a(M)) } UT

then per Cauchy’s integral formula as Lemma 4, we have

F(NI) = mUdlag{éMdz,.. jl{];/(f))zdz}UT

2mff M — 21,)" dz——mff

with I' a contour encompassing all eigenvalues of M and thus we have

(VD) = 5§ ) Q) (30)

2. We follow notations of matrix equivalents in [3, Notation 1], that is, for X, Y € R"*", we denote X < Y if, for
allunitnorm A € R"*"anda,b € R", L tr A(X - Y) 2% 0,a” (X - Y)b =3 0and |[E[X — Y]|| = 0

15
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Deterministic Equivalent As noticed before, Mis a (deterministic) low-rank perturbation from
a Wishart random matrix M, that is:

M =M+ CBC" (31)

for B € R™*" alow-rank matrix. When it comes to finding the deterministic equivalent for Q;(2),
one efficient way to leverage the Woodbury matrix identity and get

Qi (2) = (M +CBC' — zIn) T Quis) - Qui(2)C (B*l + CTQM(z)C> “cTQu(s),

to convert it to the deterministic equivalent Qpg(z) of the Qnp(2) which has already existed, also
known as part of the result the Maréenko-Pastur shown as in Lemma 5, that is:

Qum(z) © Qum(2), Qm(z) =m(2)I,
with (z,m(z)) the unique solution in Z (C\ [(1 — v/¢)?, (1 + v/¢)?]) of
zem?(z) — (1—c—2)m(z) +1=0

Complex Integral In the final step, a complex integral is performed with a contour encompassing
all eigenvalues of M, thus we focus on the spectral distribution of M first.

As a (deterministic) low-rank perturbation from a Wishart random matrix M, the eigenvalues of
M contain eigenvalues of M, the “main bulk”, and some “possible” isolated eigenvalues to the right
of the “main bulk” (if the perturbations are nonnegative) per Weyl’s Theorem shown in Lemma 6.
The isolated eigenvalues are not always existing only when “Phase Transition” occurs, in other
words, the disturbance will lead to isolated eigenvalues only when it is greater than the threshold of
“Phase Transition”, and the threshold is defined in Lemma 7, as for a Wishart random matrix M, it
is:

\; N {cm()}i)%*l o m(l)\z) lfm(Al) > _%\ﬁ’ (32)
(14 /c)? otherwise,

with m()\;) obtained by letting det(M — \;L,,) = 0, and ¢ a constant associated with M as defined

in the MP Lemma 5. We recommend readers to see [2] for more details about eigenvalues for

low-rank disturbed random matrices.

After calculating eigenvalues of M, the complex integral performed is then performed by divid-
ing the eigenvalues into two groups and calculating them separately, including the “main bulk” of
the eigenvalues calculated by contour integral but selecting a rectangular contour ~y, with upper and
lower sides extremely close to the real axis and with the left and right sides holding a tiny distance e
from the edges of the main bulk; and some isolated eigenvalues of which integration can be tackled
by the residue theorem, encompassed by a contour y, as illustrated in the following figure.

With these preliminaries, we are prepared for the proof of Theorem 4.

16
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® Eigenvalues of M
17 Integration path ~y

Figure 2: Eigenvalue distribution of M with the “main bulk” surrounded by 7, and some isolated
eigenvalues encompassed by ;.

C.2. Precise high-dimensional training dynamics

The proof is organized following the process introduced in Appendix C.1, and we will still introduce
each step separately.

Cauchy’s integral formula Recall results in Appendix B, we have that
1 - .
By = o[ fuX) = 5 = Bf + B + B = Bf + E{ + o(1)

1 % - 1 %
—tr <2ne—2nt~KNTK,L . KCK(X, X)) + %y‘r . e—2nt-KNTK,L -y _{_0(1).

/

I Ef

And then substituting KNTK, L, KCK (X, X) with expressions in Theorem 1 and Theorem 2, we get:

Ef =tr <21€‘2’7t'KNTKvL -KCK(X,X)) = tr (8_2’7t(ﬂL’1XTX+6L’2I}WMJ“&L’?’;I”IJ*BL’(]I") :
n
1 . 1 1. ..
o ap1X X +aps— +apsz—1,1, +apol,
n p b
— tr (e—Qntb’L,oIne—%tﬁL,l(ATA) . [1 (O‘L’l (5L 1ATA — BL 21¢¢T — BL 311711;)
2n \ Bra ’ “p “p

1 1
+04L,25¢¢T + O‘L,3§1n11—1r + aL,OIn>:| )

=tr e_znwL*OI"eJ”tﬁL»l(ATA) . iOéL JATA + iOzL oL,
2n 7 2n 7

1 ap1fr2\1, + 1 ap1fr3\ 1, .1
"o (am Bra > P¢¢ A Bra Jp " ol)

= ¢~ 2Pt (21 tr (aleed”tﬂLvl(ATA) . ATA> + QL tr (aLpe*zntﬁL’l(ATA) : In>>
n n

17
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_ 1 1 ar1PL2 11 ar1PL3
+ e 2Lt (5, EiﬁT <OéL,2 - 5“) LR 512 (%,3 - ﬁ 1)

o(n—1) per Lemma 1 o(n—1) per Lemma 1

= ¢ 2Pt [21 tr (aLyle*Q"thLﬂl(ATA) . ATA) + 2i tr (aL’Oed”tﬁL,l(ATA) . In)] +o0(1)
n n

where we denote 37,1 ATA = 3,1 XX + ,BL,Q%'lp¢T + 5L,3%1n171 and

Etc _ in . e—2nt'KNTK,L Ly = in ) e—Qnt(5L,1XTX+5L,2P%'¢'¢’T+5L,3%lnl;lr-i—ﬁ/:,oln) Ly
2n 2n
— o~ 2BLot QLyTeantﬁL’l(ATA) y
n

And therefore we have

~ ~ 1
E, = Ezz + Etc + 0(1) — %6_2W6L’0t tr (e—ZUtBL,l(ATA) . <04L71ATA + aL,OIn))

+ e~ 21BLot %yTe_zntﬁL,l(ATA) -y +o(1)

And then with Cauchy’s integral formula, we have:

1 1 -1
E = —— . e 280t }z{ (ap1z + apg) e 21PLate gy <ATA . zIn) dz
2m 2n ~ ' ’
L1 oot A —onBpite T T -1
— — - —e “PLOL ) eTHIPLAE Ly -(A A—zIn> -ydz + o(1)
2m 2n ~
- _L . 6—2775L,0t7{ (ap1z+arg) e~ 2nBratz i tr (QaTa(2)) ldz
2m ~y ' ’ 2n
Ef
1 9 1
= .o 2mBrot —2nBratz | = T . -vid 1 33
5 ¢ ée 5y Qata(2) -y dz+o(1) (33)

2t
with and ) a contour containing all eigenvalues of AT A.

Remark 1 (On the limitations of S and its consequences on activation functions.) n [5], differ-
ent datasets may require different activation functions to achieve optimal classification perfor-
mance. In particular, datasets with distinct means may require activations with corresponding
non-zero 3y 1, while those with distinct variances may necessitate activations with non-zero 3y 5 or
Be 3. For a general analysis, we restrict 3 1 to non-zero in Appendix C.

And recall settings in (1), we are considering binary-class GMM data

1
X=— (u-y' +7Z)ecRP" (34)
7 (p )

18
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Deterministic equivalence for Q574 (z) The subsequent procedure is to find the deterministic
equivalent for Qs 1A (z). As declared in Appendix C.1, we leverage Woodbury Theorem to convert
the identification of the deterministic equivalent of Q1A (z) to the deterministic equivalents of
Q1,74(2), shown below.

p

Qaralz) = (ATA - zIn) B (35)

-1
<ﬁ11 </J’L1X X+5L2 1!”# +ﬁL3 1,1 >_ZIn>

(T A Brallel* Bra /Y
B (BL,l ([\/ﬁy VP “H Br1 0 ] [ﬁu + B2 w +BL3 1,1 )

2 1 0 0 [ Ly -
1 0 0 0 LT
1 1T 1 1 K 1T
o
0 0 0 F=]| &L
—Q(2) - Q(2) [%y HLn v %171]-
B QE)y ;Tcx 9)Z p+ 1 1yTQ(2)y yQ()L, |
SBZQ(2)y +1 ZQ(:)Z"p Hul!2 LnZQ(2) n'ZQ(2)1,
1y Q(2)y 1T Q(2)2" Wiy vTQe),
117Q(2)y 117Q()Z" HIQEw  11Q()1, +
r 1 . T
ﬁy
iuTZ
\/i,(#—r Q(Z)
N/
14T
[ VB

-1
for Q(z) = (%ZTZ - zIn) .
Then we resort to deterministic equivalent Q(z) = m(z)I,, of Q(z) in Lemma 5, with m/(z)
satisfying the following equation:

zem?(z) — (1—c—2)m(z) +1=0 (36)
with ¢ = n/p, and obtain:
5y Q(2)y = em(2), yTQ()Z p=0(1), lyTQ(2)¥ =o(1),
5y Q2 1, = 5(na —np)m(2) =0, u'ZQ(2)y =o(1), ;u ZQ(2)1, = o(1),
1,1,¢TQ( z) = 2em(z), 1¢TQ( )1, = o(1), %1; (2)1n = em(z),
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here we consider a “balanced sample” with (n,—n) in order O(1) and thus fraclp(n,—ny)m(z) =
o(1), as well as

| 1 o a -1
Z;HTZQ(Z)ZTH = I;MTQ(Z)ZZTM = MTQ(Z)(I;ZZT — 2L, + 21,)p

= pn' (I +2Q(2))n = (|6l L + 20" Q(2)p)
= (lell* + 2170 (2) | ]1?)
= [|ull*(1 + 2(2))

for

m(z) = em(z) + (c—1) 37)
Then Equation (35) becomes:
—1
Qaralz) = (ATA - zIn)

—Q(2) - Q(2) [ﬁy HL'n %14.

em(z) o(1) i— 1 o(1) o(1) 7Y
o) +1  [|pl*zm(2) o(1) o(1) Z=n’
Bra Q)
o(1) o(1) 2em(z) + B o(1) ﬁ"p
Ng—"N Br,1 1 4T
bm(z) o(1) o(1) em(z) + 52 Ziln
=Q() - Q) [y HETn ¥ S
em(z) 1 0 0 ! %yT
U el 0 0 Tz
0 0 2em(z) + GE 0 Ly Q(2) +op(1)
Ng—n ﬁL,l lp T
—m(z) 0 0 em(z) + B 5l
1T
o
—=u
=Q(x)-Q(2) |7y L' ¥ %14-/\- ij Q(2) + oy (1) (38)
ﬁlT
\/ﬁ n
in which we denote :
7S§+25152 S§*§152 O 0
%5 21 0 0
_ 5275132 752+s132
A=1"0 0 4L 0o | %)
$189—82
0 0 0 —S4s§+81§284
for
Br,1

s1=cm(z), sy =|p|*2m(z), s3=2cm(z)+

Bra’
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Br.1

PLi o —1.
Br3’

s4 =cm(z) +

Thus for| —y "Q7 (%) - y |, we have
n

L _ 1 T( TA )‘1
5,Y Qatalz) y=oy (A A-:l y

yTQEY YTQEZTe yTQEY Ly Q)L A

1 em?(2) S9 1

em?(2) S9
2 —8182 + Sg 2

2
2 —S182 + S5

2 —cm(z) — W ~(em(z) +1)
L () )
2 (L + [|pl[*)em(z) =1
1 em)u?
=3 (U T aen )

em(z) +1
(1 + [[l?)em(z) + 1

[l ]

— N

= §m(2) .

1
And for| — tr (Qa74(2)) |, Lemma 3 shows that for z € C\ support (u(AAT)):

2n

1 . -1y 1 1 1

_ — - — < — .

2n o <(A A ZI") ) 2n o (Q(Z))‘ ~ 2n dist(z, support(u(AAT)))
O(nv_l)

For rectangular contour ~ with its left and right sides slightly away from the edges of the “bulk”,
we can obtain:

f oo ((a7a-21) ") = f 5@ +ot) = f ) +o)
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Calculation of the eigenvalues and ‘‘Phase Transition” Then we narrow in on the complex
integrations with the results above at hand, and we still focus our attention on each component
separately below.

As declared in Appendix C.1, we need to obtain the isolated eigenvalues of AA T first, shown
below.

det (ATA _ )\In) —0

1T
ll? 10 o [
L1y 1gT, 14 19]] 1 0 0 0 vt
0 0 0 14T
Brs/Bra J5ln
1
+ZTZ—AIn> =0
p
1T
10 o 1]
1y 1gT, 14 1911 0 0 0 Nla
& det | Q(A) [ﬁy VN AN 0 0 Br2/Bra 0 ﬁﬂ)T
0 0 0 14T
Brs/Br1 J5ln
1
+1,,) - det (zTZ—AIn> =0
p
1T
ll? 10 o 1|
1 0 0 0 vk Z Ay AT, L. 17
< det 0 0 BL,Q/BLJ 0 %d)—r Q()‘) \/f)y N H \/ﬁ’l/) Nl
0 0 0 14T
Brs/Br1 J5ln
+14) =0
lel? 1 0 0
1 0 0 0
Sdet | I +
S 0 0 Br2/Br: 0
0 0 0 Brs/Br1
em(A) 0 0 0
0 JulPd+rm(\) 0 0 —0
0 0 2em(N) 0
0 0 0 em(\)
em(N) |l + 1 [|lPA + (X)) 0 0
4 em(\) 1 0 0 0
© det 0 0 2em(A) 52 4 1 0 -
L1
0 0 0 em(N)Brs/Bra +1
m(\) 0

o <1 T 205L72m(/\)

_ 2 m . de ¢
L) (P a0 - det |

em(N)Br,s/Bra +1
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+ det [cm(kﬂéiﬂz o em(A)BL, 3/5L1 + J)

e I )
(g 1)) =t
(ene
)=

+ (emV)[|pl® + 1) -
(1 T 2cpy, 2m (A >
Br
(n05 1))
Bri
Refer to equation (37), and rearrange equation (36) as :

(zm(2) + 1)(em(z) + 1) = m(z). (40)

And therefore, we can get the following:

5“” 1) = A - (sl - (em(A):

] - B em(N) 1
—Am(A) = —(c(Am(A) +1) —1)=1— em(A) +1 em(N) +1

with m(\) # —%. Thus the equation for the isolated eigenvalue mentioned earlier becomes:

(H_QCBLBZT()) (H I* ( +1> (MBrs/Bri+ em(N))
+0m(A)B7L,3/5L,1 +1)=0.

<1+265L£T(A)) (Hull2< +1> 52?+ em(N)) + em (A )giiﬂ)zo.

- (HwLﬁiT()> (' I’ <cn§7(7§\())\—i)—1> “) (em(N)Br3/Bra +1) =0

< (1 - QCﬂLﬂiT()\)) (Huuzng()gﬂ( )+ 1) (em(N)Br3/Brai+1)=0

Then we get the solution of the equation of eigenvalues as:

1 B Bra |
727 m()\ln) - 9 9
c(llpl*+1) B3 2¢fL2

then we shall consider the threshold of m(\) when the “phase transition” phenomenon [2] occurs,
indicating that the corresponding A is isolated from the “main-bulk”, as declared in Appendix C.1
and Lemma 7, we thus get the corresponding eigenvalues as follows:

mO‘u) = -

m(Ay) = —

_JrtetdplP + e el > Z
# (14 /c)? otherwise,
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Lot b e (B2 —1) if5ee > Ly,

A, = i ’ : (41)
(14 /c)? otherwise,
1 28L2 02802 1
1+C+M,1+C<5L,1 1) if Br,1 >\/E+1’
)\1/, = BL,1 .
(1+ +/c)? otherwise,

Integrals Then we are prepared for calculations of complex integral in (33), As declared in Ap-
pendix C.1, it is helpful to divide the eigenvalues into two groups and calculate them separately, the
main bulk of the eigenvalues of matrix %ZTZ (between A_ = (1 — \/c)? and Ay = (1 + /c)?) of
the Marcenko-Pastur distribution

(dz) = Vo= A 0 - ) o (1 - 1>+ 5(x),

2mex c

and some isolated eigenvalues in (41). of which integration can be tackled by the residue theorem.
And it boils down to the calculation of the following two items as mentioned above.

1 1 _ _ 1
%Hft(x) ~yl3 = —5., ¢ 2T]’BL’Oté(OéL,lz + ar) e 2MPratz. %tr(QATA(Z)) dz
1
- e 2oL, Ot% “Pratz. %y ‘Qa7a(z) -y dz+o(1)
.
= — e~ 2nBL, otf apaz+ag 0) —2nBratz m(z) dz
. 2
Ep
Rt _ m(z) em(z) +1
+—5—=-¢ ”B“t?{e nPr.atz . < . dz+o(1 42
2ri i 2 T aPme 1) EN @

B
with  a contour encompassing all the eigenvalues of AT A, as mentioned above, we calculate the
complex contour integrations by dividing the contour into two parts, one encompassing the “main-
bulk” corresponding to the eigenvalues of 1Z T Z, we call it 7, and one surrounding the isolated
eigenvalues which we have calculated in (41), we call it 7y, and additionally, if ¢ > 1, there will be
isolated eigenvalue at 0 (see Lemma 5 for details), and we also consider this. We still compute £}
and I separately.
- 1

Eta = ——- 62,,7611’0)&% (aL 12 + CVL 0) e*2nBL,1tZ . 7771(2) dZ
211 . ’ ' 9

1

= 62775L,otj§ (ap1z+arp) e~ 2nBratz LL(Z)
{2
Ya

d
2 §

fraa
Et

4 _i . e%ﬂL,(ﬁy{ (ap1z + arg) e~ 2nBLatz m(z) dz,
211 - ’ ’ 2

b
B
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and
Ec — _i . 6727],6’L,0t % 672775L’1tz . m(Z) . cm(z) +1 dz
t 2mi . 2 1+ plP)m(z)+1
— _L —2nBL, otj{ —2nBratz <m(z) em(z) +1 ) d
p— ; . e b 6 b . . 2 Z
2mi . >+ [pPm() + 1
Ege
+ _L . 6—2775L,0t7{ e~ 2nBratz <m(z) . cm(z) + 1 ) dz .
2mi " 2 eI+ ||plP)m(z)+1
Egb
Here we recall expressions of m(z) as:
()= et ksl - (— e = 2 4 LG A ) (s — 9)
mz)=——+ —\dez—(1—c—2)2=———+ —/(2— A_ —z
2cz 2cz 2cz 2cz *

and thus for z extremely close to the real axis, we have

_l—c—z 1

R(m(z)) = ~——, S(m(2) = /(2= A) (s — 2)

2cz 2z

with the branch of + is determined by the imaginary part of z such that (z)-Sm(z) > 0, illustrated
in Remark 2. And thus we can get

~ 1
Eg’a = —— 6_277511,075% (aL 12 + ar, 0) 6_277BL,1tZ . m(z) dz
i . ’ ’ 2
1 At —Sm(z
= _; . e—QUﬁL,ot/ (CVL,137 + aL,O) 6—2775L,1t1‘ . \92()d$

ife>1

= Bt i (> — 0) - 0 (a5 4 agg) -

per Residue Theorem

Ay — —
— % . 6_2776L,0t/ 6_2775L,1t55 . (04L71.’L' + OCL,()) \/(-T A_) (A+ ﬂ’j) du

B 2mwcx
+ e_QUBLvOtaLO - ifc>1
and per Residue Theorem, we have
rab 1 —2nBr ot —2nBr 1tz m(Z)
EYX=——- ¢ : (ap1z+arp)e A ———dz
e . 2
1 _ m(z) , 1

=———-e ”ﬁL*Ot?{ apaz 4 apg)e Pratr . 2y if |2 > —,

5 . (ap1z+ary) 5 [[ell N

7
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1
. e2nﬁL,Ot% (ap1z + apg) e 2MPE1tz . Mdz if PLs > 41,
2mi T, 2 Bri Ve
1 2 1
+—5=" e2nﬁL’°tf (ap1z + agg) e 2MPratz. Mdz if 2PLz > — +1,
211 Vg 2 Bra Ve
1
— _,—2nBLot li Y —2nBratz | M if 2 S
et i (: = Ay ((anas +ava)e 32) il >
e~ 2nBL.ot iy (z—=A1,) (ap1z +arp) e~ 2nBratz m(2) if PLs > L +1
z—=A1, " ’ ’ 2 Bri = e o
28 1
727]5[1 ot 1 _ )\ 2776[,’17&2 . m(z) f L72 > 1
Z_lg\lw(z v) (apiz+apg)e 5 i B \ﬁ+ ,
= 07
Similarly, when choose contour v, as declared in Appendix C.1, we have
E;:a _ _L . 6_277’3L’0tf 6_2775L,1t2 . (m(z) >
2ri ) 2 et uuu )1
A
— _l . e—znﬁL’ot . / + 6—27]61‘71152 . %(m('x) . ( ) + 1 d.%'
m - 2 1+ HuH Jm(z )
- . - m(z) cm(z) + .
+ —e~PLot Jim (2 — 0) - e~ 2Ltz ( ) ifc>1
2550 2 (1+||u|| )m ( )+1

per Residue Theorem

A _ 1
_l . 6_27]BL,0t/ + 6—27’],81”1151‘ . % m(x) + 1 (1 1+||ILH2)m(x) d.:U
m 201+ [[pll?) 21+ [|pll?)m(z) +1

1——L _
— e~ 2mBL0t |jm (z—0)- e 2nBLatz m(z) 4 1 ( a2 Jm(@) ife>1
20 2-(L+mll?) — 2c(1+ [[pl?)m(z) +1

A
6_2775L‘0t/ + 6_277'8L’1t$ . < —%m(%’)
A 2-(1+lpl?)

1
R w)—z‘%‘m(@ i
T ( 1+||u|r <m>—z‘%m<x>>+1>>d

_277ﬂL ot —27’],81, 1tz | % .
212%(2 0) - <2'(1+||N||2) +o(1) ife>1

l . e~ 2nBLot /)\+ e 2nBLtx <_C‘\Wn(x)

T A 2 (L+ |ml?)

1 el —Sm(x) .
21+ [l 2e(1 + [P Rm(@) + 1+ (1 + 22 L

&2

—omBy ot c—1
+e OF .
2¢c(1 4 [|1?)
1

At
= _QUBL,Ot/ —277,3[, 1tr | oy ( )d
€ - Sm(x)dx
2 (1 + || l[?) A

+o(l) ife>1
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2 —2 t A
lasl> - e W?L/+g%mﬂ@ ___ Sml) _w
2n(1+ [ulP) Js 2¢(1+ [ulP)Rm(@) + 1+ (1 + [ulP)? - %

Ccx

—2nBL ot c—1 .
+e o —————— +0(1) ife>1
2c(1+ [|lml?)
1 2nBr ot A 2nBr 1tz 1 \/ Y Y d
= ——————— e Lo e SIPLLIE A ——/(x — A= - z
2n(1+ [ulP?) / (%x< ) (A 0
1
— A 1 — )\ —
) e Q”BL@tU/‘+e_znﬁLth. (2cx;/<x O ) s
2 (1 + ||pl[?) o1+ [lel?) ((555) + 1+ (1 + [ull?)? -
—2nBL ot c—1 .
+e o —————— +0(1) ife>1
2c(1+ [lml?)

1 oot [ —onppate (1
)-e MPL,0 e “MPLAt 5\/($—>\,)(>\+—:L‘) dx

~ dme(1 + |p]? .

mw-a%%ﬁ/“eﬁwmm, V@A) 0y —2) "
dre(T+ ) Sy (T Il (1= e = 2) + 2+ (1 + ]2

c—1
fe ol — = 4 o(1) ife>1
2e(t+ ) O
= v . e~ 2BL ot /M e~ 2Brate, b \/(x —A) (A —2)dx
2(1 4+ ||p]|?) - 2mex A
+ 1 A 672775L’0t /)\+ 67277ﬁL,1t55 . \/(I’ B )\*) ()\+ - fl?) dx
201+ [|pel1?) . 2me(Ap — o)
—2nBL,ot c—1 ;
+e o0 4+0(1) ifec>1
21 + ) T
and again, per Residue Theorem, we have
Etcb = —i, . eznﬁLvotj{ e~ 2mBratz <m(z) . cm(z) +1 > dz
23 o 2> i+ [uP)m(z) 1
= pr ot ewa<m@. L) el >
omi - 2> i+ [uP)m(z) 1 NG
- i : e‘znﬁwt% o2tz (m ). em(z) + 1 ) dz g PLa o 1
2ms ", 1+ HuH m(z) +1 e~ Ve
1 62775L,0tf o—2mBLatz | (m(z . cm(z) +1 > d> if 2812 oL 11,
2m Mg 2 o1+ ||H|| ym(z) +1 Bri ~ Ve

= —L, - eQnﬁL’Otf e~ Ptz (m(z : em(z) + 1 > dz if ||pl® > 1
2mi "™ 2 1+||H|| Jm(z) +1 Ve

+0+0

— _e 2080t _ L —2nBratr m(z) ) em(z) +1 " 2 1
R A (% s T rr) > 7
— _emmBrLot | o=2nBr1ut (m()‘l‘) . Cm()\u) +1 > if ||H”2 > L

2 eI+ [|plP)m (M) Ve
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llee

JR— 1 .
= _672715L,0t . 6*2775L,1)\ut . c(llpll*+1) (”l’l"“:l'lzl) if H“H2 > \}»
2 C
241*”“”)<mefnderWP>
-1 1
— _2mBrot . ,—2nBr1Aut | if || 2 —
e e if ||| >
Mk
20(1 + [|?) g ve
—2nBrot . —2nBL 1 Aut _(C||N||4 —1) . 2 1
= —e “IPLOY. e HIPLAARE if [[pl|” > —

2c(1+ [|pl?) - [leel?

Ve

Note we calculate m’(\,,) by taking the derivative of both sides of the equation:

and we get:

then substitute A, in it, and additionally with

M) = =l Iy

we get

s
(cllpell* = 1) - e(1 + [|pl|?)*°
Remark 2 (The detail of determining the sign of the imaginary part of m(z))
Take z = (x + iy) with y 1 0 for example, we have:

m'()\“) =

l—c—=z ?
m(z)ZTi@ (z—=X2)(Ay —2)
l—c—(z+iy) i , -
= Rm(z) + Sm(z)
with

o L (c—1)y N ) — - —

Sm(z) = lyl%l (M +9 (20(3@ ) Vi =2 +iy) Ay — = zy)))
pm(le=Vy ity = — -
= 1;%1 (20(5162—:92) +< (20@2 - V=2 —z) +iy(Ohy + 2 2x)>)

] 1
:%<i£%J@—A)Q+—@>:i%m¢@—A)Q+—@.
then to satisfy (z) - Sm(z) > 0, the minus is selected as the sign, and we finally get:
Sm(z) = —ﬁ (x = A)(Ay —x), forz=(x+iy) withy 1 0.
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Combination and final result Combining results for £2¢, E2°, £¢%, and E§?, we finally get:

E;=E + E® 4 B 4+ B

1 A+ T—A_ )AL —x
_ . B_QWBL’Ot/ 6_2776L,1t-73 . (aL 1z + ar, 0) \/( ) ( + )dfl»'
2 ’ ’ 2mex

1 —2nBL ot /A+ —2nBr 1tz 1
201 + [[w?) ’ A — ) (M —2)d
+2(1+HuH2) ¢ ¢ 27rCx\/(uv ) (Ay — z)dx
A
I S e—WL,ot/  ompate V@A) —2)
(lel® +1/ve)(lell* = 1/V/e)

.
Qo 2\—1 —c_l + o
# e P oo (L i) (1= ) o)

This eventually leads to F; — E; — 0 with
_ —2nBot A+ 1 1 \/( — A )T — o)t
e T T _ T
B, = e 2nbite [a T+ ap+ + . ] + dx
T2 / ST P T 1A el e 2mex

e~ 2nPot [OW + U/VOlRIP =1V s
2 2ll* + 1] 212

_l’_

T (a0 + (14 [l - c-ﬂ ,

where we recall A;, = 1+ ¢+ ¢||p]|? + || || 2, which, by introducing the following two probability
measures (similar to [12]) as defined in the statement of Theorem 4,

V@A 0y —a)t

_ S RS
p(dx) = Sy dr 4+ (1 —c )" d(z), (43)
Viz— A )ty —a)t (Il = H*
v(dz) = dx + —————,,(2), (44)
2me||pl*(Aw — ) [leell g
can be compactly written as
_ e 2mbot 1 v(dx)
E, = /62’7'81”6 [(ao + ax + ) uldz) + ———
2 14 [|p]? 1+ [l 2

with (¢) = max(¢,0), the shortcuts oy, = o, S = Bk, k € {0,1} as in Theorem 3. This
concludes proof of Theorem 4.
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