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Context

Baseline scenario: z1,...,z, € RP (or CP) i.i.d. with E[z1] =0, E[z1z]] = Cp:
> If 1 ~ N (0,Cp), ML estimator for C, is the sample covariance matrix (SCM)

1 n
A § : T
Cp =— T, .
n
i=1

» If n — oo, then, strong law of large numbers
Cp 5 0.

or equivalently, in spectral norm

|Cp = Cp| 255 0.

Random Matrix Regime

> No longer valid if p,n — oo with p/n — ¢ € (0, 00),

Cp — Gyl| A 0.

> For practical p,n with p ~ n, leads to dramatically wrong conclusions
» Even for n = 100 X p.
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The Large Dimensional Fallacies

Setting: z; € R? i.id., z1 ~ CN(0, Ip)
> assume p = p(n) such that p/n —c¢ > 1
» then, joint point-wise convergence

. 1 a.s,
Cp—1 =X X7 -6 25 0.
> however, eigenvalue mismatch
0= Al(ép) == /\pfn(ép) < Ap7n+1(ép) <...< )‘p(ép)
1= )\1(117) == )‘an(lp) = )‘pfn+l(ép) == )‘p(lp)

= no convergence in spectral norm.
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The Maréenko—Pastur law
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Figure: Histogram of the eigenvalues of C), for ¢ = 1/4, C,, = I,.
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The Maréenko—Pastur law

Definition (Empirical Spectral Distribution)

Empirical spectral distribution (e.s.d.) p, of Hermitian matrix A, € RP*? is
1
o= kaimp)-
i=1

Theorem (Maréenko—Pastur Law [Mar€enko,Pastur’67])

Xp € RPX™ with i.i.d. zero mean, unit variance entries.
As p,n — oo with p/n — ¢ € (0,00), e.s.d. pp of %XPX;,'— satisfies

Hp = (o)

in distribution (i.e., ff(t)up(dt) 25 ff(t),u(c) (dt) for all bounded continuous f),
where

> 1c({0}) = max{0,1—c"'}
> on (0,00), pu(cy has continuous density fe supported on [(1 —/c)?, (1 + +/c)?]

fol@) = o/l — (1= VO (1+ v — ).
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The Maréenko—Pastur law
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Figure: Mar&enko-Pastur law for different limit ratios ¢ = limp_, o p/n.
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The Stieltjes transform

Definition (Stieltjes Transform)
For p real probability measure of support supp(u), Stieltjes transform m,, defined, for
z € C\ supp(p), as

muu(z) = / —— ()

Property (Inverse Stieltjes Transform)
For a < b continuity points of p,

b
w([a, b]) :hml/ Smp(x + 1€)]dx

el0 ™
Besides, if u has a density f at z,

(@) = lim ~Sfmu(o -+ 1)
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The Stieltjes transform

Property (Relation to e.s.d.)

If u e.s.d. of Hermitian A € RP*P, (i.e., pu = % Zle dx,c4))

1
mu(z) = ;tr (A—zI,)7 !

Proof:

A 1 I _
mu(z) —/ — 2 ;; NA) -z ;tr (diag{\i(A)} — 21) "

1
—tr (A—zlp)" L.
p

Fundamental object: the resolvent of A

Qa(z) = (A - z[p)fl.
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The Stieltjes transform

Property (Stieltjes transform of Gram matrices)
For X € CP*"™ and
> pesd of XXT
> jiesd of XTX
Then
p—nl
P z

mu(z) = “mp(z) —
p

Proof:

n

P
1 1 1 1
mu(2) = 5; N(XXT) — 2 EZ N(XTX) — 2

i=1

+ 1(pfn)
p

0—
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Resolvent Identity)
For A, B € RP*P invertible,

Al —B7l=A"YB-A)B™ L

Proof: Simply left-multiply by A and right-multiply by B on both sides.

Corollary
Fort € C, z € RP, A € RP*P, with A and A + txzz" invertible,

A lg

Attea) o= —————.
(A+tzz)" e 1+taTA- g

Proof Intuition: Left-multiply by (A +tcc') on both sides.
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Rank-one perturbation)

For A, B € RPXP Hermitian nonnegative definite, e.s.d. p of A, t > 0, = € RP,
z € C\ supp(p),

1Bl

1 -1 1 1
“trB (A4 taz" — 21, ——trB(A—zl) | < -————
‘ P ( ») P ? p dist(z, supp())

In particular, as p — oo, if limsup,, || B|| < oo,

1 - 1
7trB(A+t:r:rT7zIp) to —trB(A—zI) ' —o.
p p

Proof Intuition: Based on Weyl's interlacing identity (eigenvalues of A and A + tex’
are interlaced).
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Trace Lemma)

For
> x € RP with i.i.d. entries with zero mean, unit variance, finite 2k order moment,
> A € RP*P deterministic (or independent of z),

then

r fAl»

E .
P2

<K

1 1
‘7ITASC — —trA
p p

In particular, if limsup,, ||Al| < co, and x has entries with finite eighth-order moment,

1 1
Z2TAz— ~trA S0
p p

(by Markov inequality and Borel Cantelli lemma).
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Proof of the Maréenko—Pastur law

Theorem (Marcenko—Pastur Law [Marcenko,Pastur’'67])
Xp € RPX™ with i.i.d. zero mean, unit variance entries.
As p,n — oo with p/n — ¢ € (0,00), e.s.d. pp of%XpX; satisfies

a.s.
Hp — H(c)
weakly, where
> i) ({0}) = max{0,1 — ¢~}
> on (0,00), p(c) has continuous density f. supported on [(1 —+/c)?, (1 + +/c)?]

fol@) = o=/l = (1= VO + Vo — ).
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Proof of the Maréenko—Pastur law

Stieltjes transform approach.

Proof
> With pp esd. of LX, X,

p
1 1 T -1 1 T -1
my, (2) = ;tr (;Xpo — zlp) = 5 E |:(nXpo — zlp)
i=1

> Write

so that, for §[z] > 0,

-1
1 YTy -z LyTY, 1
—XpXT — 21 = ot .

(n pAp — % p) (Tllyp—ly LY, 1Y) =zl
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Proof of the Maréenko—Pastur law

Proof (continued)
» From block matrix inverse formula

A B\ ' _ (A—BD~10)! —A"'B(D - CA™'B)~!
(C D) _(—(A—BDflc)*chfl (D-cA-tp)~! )

we have

(lx X1 -zl )71 -
—Ap —#lp = :
n P 11 —Z—Z%yT(%YpTﬂYp*l —zln) "y

» By Trace Lemma, as p,n — o

1 -1 1 a.s.,
~“Xp X — z1p> } - 230,
{(n P " —z—z%tr(%)@ilYp,lfzIn)*]
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Proof of the Maréenko—Pastur law

Proof (continued)

» By Rank-1 Perturbation Lemma (X;Xp = YJ_IYP,1 +yy'), as p,n — oo

1 -1 1 a.s,
~X XszI) - 2%0.
|:<n P P ]11 —z—2itr (LXTX, — 21,) !

> Since Ltr (LXTX), — 21,)7t = Ltr (A X, X] — 21,)71 - 2221

n z'
1 -1 1 a.s.
ZXpX ) -zl ) - 230,
{(n Pt P }11 1—%—z—z%tr(%Xnglep)*l
> Repeating for entries (2,2),..., (p,p), and averaging, we get (for S[z] > 0)
]. a.s.
my, (2) — = 0.

1-2—2—22m,, (2)
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Proof of the Maréenko—Pastur law

Proof (continued)
> Then my,(2) 2% m(z) solution to

1

1—c—z—czm(z)

m(z) =

i.e., (with branch of 4/ f(z) such that m(z) — 0 as |z| = c0)

Lo J-a+ver) -a-vep)

2z 2 + 2cz

m(z) =

» Finally, by inverse Stieltjes Transform, for z > 0,

(14 @2 — ) (2 — (1 - va)?
liml%[m(:rJr'Ls)] = \/( ) ( )

el0 T 2mwex

Haela—vo)2,a+v2)21}-

And for z = 0,

lim 1S =(1—-c¢c1)1 )
Elig%w[m(le)] ( c ){c>1}
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Sample Covariance Matrices

Theorem (Sample Covariance Matrix Model [Silverstein,Bai’95])
LetY, = Cp%Xp € RPX™ with
> C)p, € CP*P nonnegative definite with e.s.d. v, — v weakly,
> X, € CP*™ has i.i.d. entries of zero mean and unit variance.
As p,n — oo, p/n — c € (0,00), fip e.s.d. of%YJYp € R X" satisfies
fip ==

weakly, with m(z), $[z] > 0, unique solution with I[my(z)] > 0 of

—1
t
mﬁ(z) = <_Z + C/ 1+t’rnﬂ(z)y(dt)> .

Moreover, i is continuous on RT and real analytic wherever positive.

1 1
i . 1 T_ 1\ " 2. 2TO2
Immediate corollary: For y; e.s.d. of ZY,Y, = > ie1 Cp ziz; OF

a.s.
Bp — [
weakly, with i = cu + (1 — ¢)do.
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Sample Covariance Matrices

(@) (ii)

Figure: Histogram of the eigenvalues of %YPYJ, n = 3000, p = 300, with C}, diagonal with
evenly weighted masses in (i) 1, 3, 7, (ii) 1, 3, 4.
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Further Models and Deterministic Equivalents

Sometimes, 1, does not converge!
» if v, does not converge
> if p/n does not converge

> if eigenvectors of deterministic matrices play a role!

Deterministic equivalents: sequence i, of deterministic measures, with
— a.s.
bp — fip — 0
or equivalently, deterministic sequence of m, with
_ mp a.s. O.

mup
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Further Models and Deterministic Equivalents

Theorem (Doubly-correlated i.i.d. matrices)

1 1
Let By = Cg XpTp X CF , with e.s.d. pp, X, € RPX™ with iii.d. entries of zero mean,
variance 1/n, Cp Hermitian nonnegative definite, Ty, diagonal nonnegative,
tim sup,, max((|Cy |, | Ty ) < oo. Denote ¢ = p/n.
Then, as p,n — oo with bounded ratio ¢, for z € C\R™,

a.s. ]- — -
My, (2) —mp(z) — 0, myp(z) = Pl (—zIp +&(2)Cp) !
with &(z) unique solution in {z € C*,ép(z) € Ct} or {z € R™,ép(2) € Rt} of
1
ep(2) = ;t"cp (—2Ip +&p(2)Cp) ™}

1
ep(2) = —trTy (In + cep(2)Tp) L.
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Other Refined Sample Covariance Models

Side note on other models.
Similar results for multiple matrix models:

» Information-plus-noise: Y, = A, + X, A, deterministic
» Variance profile: Y, = P, ® X, (entry-wise product)

1
> Per-column covariance: Y, = [y1,...,Yn], ¥i = C’;ixi
,

> etc.
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No Eigenvalue Outside the Support

Theorem (No Eigenvalue Outside the Support [Silverstein,Bai’98])
Let Y, = CF X, € RPX™, with

> C)p € RPXP nonnegative definite with e.s.d. v, — v weakly,

> X, € RPX™ has i.i.d. entries of zero mean and unit variance,

> EHXPEL]'} < oo,

> max; dist(A\;(Cp),supp(v)) — 0.

Let fi be the limiting e.s.d. of %YPTYP as before. Let [a,b] C RT \ supp(?). Then,

{,\i (%YPTYP) };l Nla,b] =0

for all large n, almost surely.

In practice: This means that eigenvalues of %YPTYP cannot be bound at macroscopic
distance from the bulk, for p, n large.
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Spiked Models

Breaking the rules. If we break

> Rule 1: Infinitely many eigenvalues may wander away from supp(u).

T T T T
0.8 — 0.8 —
0.6 — — 0.6 — —
0.4 — 0.4 — —
0.2 — — 0.2 — —
0 Il 0 KX
0 1 2 3 0 1 2 3
4 47 _
E[Xij] < o0 E[Xij] =00
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Spiked Models

If we break:

»> Rule 2: C}, may create isolated eigenvalues in %YPYI;'— called spikes.

T T T T T

X

“ |

| | X X

3 4 5

Figure: Eigenvalues of %YPYJ, C)p = diag(1,...,1,2,3,4,5), p = 500, n = 2000.
~——
p—4
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Spiked Models: The phase transition phenomenon

1 I
x p/n=1/4(p = 500)
p/n=1/2 (p = 500)

x p/n =1 (p=500)
p/n =2 (p = 500)

0.8 1

0 2 4 6 8

Figure: Eigenvalues of %YPYJ, Cp =diag(1,...,1,2,3,4,5).
——

p—4
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
1
Let Y, = CF X, with
» X, with i.i.d. zero mean, unit variance, E[\Xp\?j] < 0.

> Cp=1I,+P, P=UQUT, where, for K fixed,
Q = diag (w1, . ..,wx) € REXE with wy > ... > wg > 0.

Then, as p,n — oo, p/n — ¢ € (0,00), denoting \; = /\i(%YprT),
> if wm > \/E,

14 wm

m

> (14 )2

)\mml—i-wm-i—c

> if wy € (0,4/¢],

Am =5 (1++/e)?
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Spiked Models

0.8

0.6

0.4

0.2

1+w1

1+ wog +c

14wy
w2

y 1+ wy +ec——

Figure: Eigenvalues of 1 Y, Y , Cp =diag(1,...,1,2,3), p =500, n = 1500.
‘-»—-’
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Spiked Models

Proof

> Two ingredients: Algebraic calculus + trace lemma

> Find eigenvalues away from eigenvalues of %X,)X;:
1 1
0 = det <7YPYPT - Mp) . Y, =C2X,
n
1
= det(Cyp) det (7XPX; - Acp—l)
n
1
= det (7prg — A + 2 — 0;1))
n
1 T —1y (1 T -t
=det | —XpX, —Ap |det [ Ip + X\Ip —C, ") | =XpX, —Alp .
n n
> Use low rank property: (Cp, =1, + P =1, +UQUT)

I,—Cyl=I,— (I, +UQU") ' =U(Ig + Q1) 7'UT, Q e CKXK,

Hence

1 1 -1
0 = det (7XpX; - >\Ip> det <Ip FAU(Ig +Q Y~ uT <7prg - ,\Ip) ) .
n n
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Spiked Models
Proof (2)

> Sylverster's identity (det(I + AB) = det(I + BA)),

1 1 -1
0 = det (7)(1,)(;)r - ,\Ip) det (1K + Ik +Q7HUT (7xpxlf — Mp) U)
n n

> No eigenvalue outside the support [Bai,Sil’'98]: det(%XpX; — AIp) has no zero
beyond (1 + +/c)? for all large n a.s.

> Extension of Trace Lemma: for each z € C \ supp(u),
T/1 T 1 as
U' | =XpX, —2Ip U — myu(z)Ik.
n

(Xp being “almost-unitarily invariant”, U made of “i.i.d.-like” random vectors)

P> As a result, for all large n a.s.,

1
0 = det <1K + Mg +QHTUT(= X, X)) - AII,)"U)
n

K K
H( 14w, m“()‘)> :kl_[l<1+ 1&&’“"(”)
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Spiked Models

Proof (3)
> Limiting solutions: zeros of
1
A (V) = — - em
Wm,

» Maréenko—Pastur law properties
(mi(2) = (1 c— 2 — czmyu(2)) )
> A= dmyu () = f 25 p(dt) maps
(1 + /)%, 0) onto (— 122, 07)

P Solution only when w,, > v/c:

1+ wm

m

A=14+wm +c

existence of a solution

7
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Spiked Models

Theorem (Eigenvectors [Paul’07])
1
Let Y, = CF X, with
> X, with i.i.d. zero mean, unit variance, finite fourth order moment entries

K
> C’p:Ip—l—P,P:Zi:lwiuiu;r, w1 > ... >wp > 0.

Then, as p,n — 0o, p/n — ¢ € (0,00), for a,b € RP deterministic and 1, eigenvector

(1 T
of)\,(;Ypr ),
-2
1—cw; a.s.
ala;alb— %aTuiuIb- ly,>ye —0
1+ cw;
In particular,
-2
o 1 — cw;
R a.s.
o] wi|* == ——5

-1 .
1+cw;l wi>ve

Proof: Based on Cauchy integral + similar ingredients as eigenvalue proof

1 1 -1
a't;0]b=— @ a' <7YprT - zlp) bdz
2 c n

for Cy, contour circling around A; only. 37/153



Spiked Models

ﬁIul \2

|
2 3 4

Population spike w1

1
Figure: Simulated versus limiting |@]u1|? for Y, = CZ Xp, Cp = I + wiuiu], p/n = 1/3,
varying wi .
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Tracy—-Widom Theorem

Theorem (Fluctuations of Eigenvalues [Baik,BenArous,Péché’05])
1
Let Y, = CF X, with
> X, with i.i.d. real or complex Gaussian zero mean, unit variance entries,

> Cp=Ip+ P, P=31 wumul, wi>...>wg >0 (K >0).
Then, as p,n — o0, p/n — c < 1,
» Ifwy < +/c (or K=0),

o3 A1 — (14 /)2
(1+/e)ics

N T, (real or complex Tracy—Widom law)

> Ifw >/,

<(1+u11)2 _ (1+w1)2>ép§ |:)\1 - (1+W1+01:M)} iw\/’(o,l).

2
c wy 1
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Tracy—-Widom Theorem

0.5

— — — Centered-scaled X1

—4 -2 0 2

2 _1 4
Figure: Distribution of p3c~ 2 (1 + /)" 3 [Al(%XpX;) -1+ \/5)2] versus real
Tracy-Widom (T"), p = 500, n = 1500.
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Other Spiked Models

Similar results for multiple matrix models:

> Y, = 2 XXT + P, P deterministic and low rank
>V, =ixTI+P)X

>V, =i Xx+P)T(X+P)

> Y, =1TXT(I+P)XT

> etc.
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The Semi-circle law

Theorem

Let X, € R™"X™ Hermitian with e.s.d. un such that ﬁ[xn]bj are i.i.d. with zero
mean and unit variance. Then, as n — 0o,

a.s.
Pn —> [

with p(dt) = %\ /(4 —t2)*+dt. In particular, m,, satisfies

1

mu(e) = Sy
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The Semi-circle law

I I
| | — — — Empirical eigenvalue distribution
0.4 |- } } Semi-circle Law -
| | T T T
| | | | |
| | | | |
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0.3 |~ | | | | ]
| ) J |
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2 | |
o | |
o 0.2 |- | I —
| |
| |
| |
| |
| |
| |
0.1 — ! | -
| |
| i
| |
| |
| |
| |

Eigenvalues

Figure: Histogram of the eigenvalues of Wigner matrices and the semi-circle law, for n = 500

44/153



The Circular law

Theorem

Let X,, € C"*X™ with e.s.d. uy, be such that ﬁ[Xn]ij are i.i.d. entries with zero mean
and unit variance. Then, as n — 0o,

a.s.
Hn —>

with p a complex-supported measure with p(dz) = ﬁé‘ z|<1dz
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The Circular law

Empirical eigenvalues

+

Circular Law

+ + + +
AT T T
+t+ H+ + o4+ 4+t +u7f +
+ T 4t + 4+

+ + ++

+
+ # oDt

|

0

= |
|

(1ed AseuiBewn) sanjeaussig

0.5

—0.5

)

Eigenvalues (real part

Figure: Eigenvalues of X,, with i.i.d. standard Gaussian entries, for n = 500.
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From classical applications...

Large range of applications:

» Wireless communications: capacity of large communication channels H € CPX™,
optimal precoding in mu-MIMO, power allocation in large networks, sensing in
cognitive radios, etc.

> Array processing: improved MUSIC methods for large arrays (p ~ n), optimal
beamforming (MVDR), detection filters (ANMF), etc.

> Statistical finance: portfolio optimization (Markowitz, GMVP) for large portfolios
and short time windows.

» Brain signal processing: EEG covariance estimation on short windows.

‘ Any application where p ~ n “rather large”

(convergence speed in up to O(n) and not O(y/n) as usual!)

BUT mostly linear settings...
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. to machine learning!

Specificities in statistical and machine learning:
» Matrix of non-linear entries: kernel matrices K = {k(z;, xj)}?jzl, activation
functions in neural nets z;11 = o(Wx;), non-linear features, etc.

» Often non-explicit solutions: robust statistics (fixed-point matrices), SVM margin
constraints, logistic regression, etc.

CENTRAL ISSUE: Given that basic sample covariance matrices are not consistent for
large n, p, what happens to machine learning methods?

> we will see that small-dimensional intuitions dramatically fail
» some classical and widely-used algorithms become ineffective

» BUT random matrix theory provides a renewed understanding.

TUTORIAL: first answers to understand, improve, and change paradigm.
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Outline

Applications to Machine Learning (Xiaoyi MAI)
Reminder on Spectral Clustering Methods
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Reminder on Spectral Clustering Methods

Context: Two-step classification of n objects based on similarity A € R™"*":

Eigenv. 1

Eigenv. 2

T T =

spikes
|} Eigenvectors ||
(in practice, shuffled)
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Reminder on Spectral Clustering Methods

Eigenv. 1

Eigenv. 2

T T T

| I I —

| /-dimensional representation |}
(shuffling no longer matters)

X X
X% X
a0 %X ﬁ&‘ B
= X xgs
S Xy
© X
[
¢ % |
S X
a0 X x
in] X
L x |
x
%

Eigenvector 1

U

EM or k-means clustering.
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Applications to Machine Learning (Xiaoyi MAI)

Kernel Spectral Clustering
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Kernel Spectral Clustering

Problem Statement
» Dataset z1,...,z, € RP
» Objective: “cluster” data in k similarity classes C1,...,Cg.

> Kernel spectral clustering based on kernel matrix
n
K= {H(xivxj)}i,jzl

> Usually, k(z,y) = f(zy) or r(z,y) = f(|lz —yl?)
» Refinements: .\

1
» instead of K,use D — K, I, — D 'K, I, — D 2KD 2, etc.
P several steps algorithms: Ng—Jordan—Weiss, Shi-Malik, etc.

Intuition (from small dimensions)

» K essentially low rank with class structure in eigenvectors.
1 1 1 1
> Ng-Weiss—Jordan key remark: D2 KD~ 2(D2j,) ~ D2j, (ja canonical
vector of Cq)
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Kernel Spectral Clustering

—0.06
—0.07

—0.08

0.1

—0.1 |

0.2
0.1
0
—0.1

0.2
0.1
0
—-0.1
—0.2

1 1
Figure: Leading four eigenvectors of D™ 2 KD~ 2 for MNIST data, RBF kernel
(F(t) = exp(—2/2)).

1
» Important Remark: eigenvectors informative BUT far from D2 j,!
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Model and Assumptions

Gaussian mixture model:

>-T17---7xnepr
» k classes Cq,...,Cg,
> xl,...,xnleCl,...,xn_nk_,_l,...,xneCk,

> x; ~ N(pg,,Cy,).

Assumption (Growth Rate)
Asn — oo,

1. Data scaling: £ — ¢y € (0,00), 22 — ¢4 € (0, 1),

2. Mean scaling: with u° £ 2571 T8 g and pg 2 g — p°, then ||| = O(1)

3. Covariance scaling: with C° £ Zk Za 0y and C2 £ (0, — C°, then

- a=1 n
[Call=0O(1), trCq =0(/p), trCCy =O0(p)
For 2 classes, this is

lr = p2ll = 0(1), tr(Cr—C2) =0(vp), |Cill=0(1), tr([C1~Ca]?)=O0(p).

Remark: [Neyman—Pearson optimality]
> z ~ N(£p, Ip) (known p) decidable iif ||u]| > O(1).
> 2~ N(0,(1£¢e)],) (known ¢) decidable iif [|e]| > O(p~2).
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Model and Assumptions

Kernel Matrix:

» Kernel matrix of interest:

e (e

for some sufficiently smooth nonnegative f (f(%x;ra:j) simpler).

» We study the normalized Laplacian:

dd’
L=nD"% K- Dz
dri,

with d = K1,,, D = diag(d).
(more stable both theoretically and in practice)

59 /153



Random Matrix Equivalent

»> Key Remark: Under growth rate assumptions,

1 2
max — |z —x4l|° =7
1<izj<n | p

}xo.

where 7 = %trCo.

= Suggests that (up to diagonal) K ~ f(7)1,1]!

» In fact, information hidden in low order fluctuations! from “matrix-wise" Taylor
expansion of K:

K= f(r)1,1] + VnKi + Ko
—— ~—~—

~—
Oy (n) low rank, Oy (v/n)  informative terms, O (1)

Clearly not the (small dimension) expected behavior.
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Random Matrix Equivalent

Theorem (Random Matrix Equivalent [Couillet, Benaych’2015])
Asn,p — o0, HL - ﬁ” 250, where

dd" 1
L= nD_% (K — ) D_%7 avec Kij =f (7”.1‘1 — .1‘j||2)
p

a1,

P f'(7) T LT
L= 2f(r) [ PW WP+ ]B/ + }

et W= [wi,...,wn] € RPX™ (z; = pig +w;), P=1In — 21,17,

J =1, dk)s da =(0...0,1n,,0,...,0)
, 5//(r) ")\, r ()
B:MTMJr( : )tt — LT s
8f(r)  2f'(r) J'(7)
Recall M =[5, 3], t = [trCF, ., L urCRIT, T={lwcscp}t

Fundamental conclusions:
> asymptotic kernel impact only through f/(7) and f”/(7), that’s all!
» spectral clustering reads MTM, ttT and T, that's all!
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Isolated eigenvalues: Gaussian inputs

[N Eigenvalues of L [ Eigenvalues of L

=1
=]
=]

Figure: Eigenvalues of L and L, k=3, p=2048, n =512, ¢c; =co =1/4, c3 =1/2,
(talj =48aj, Ca = (1 +2(a = 1)//P)Ip, f(z) = exp(—2z/2).
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Theoretical Findings versus MNIST

0.2 T T T
I Eigenvalues of L
[ Eigenvalues of L as if Gaussian mode
0.15 -
0.1 N
5.10"2 -
o Mcns (00 o s | o s | | o

0 10 20 30 40 50

Figure: Eigenvalues of L (red) and (equivalent Gaussian model) L (white), MNIST data, p = 784,
n = 192.
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Theoretical Findings versus MNIST

1 1
Figure: Leading four eigenvectors of D™ 2 KD~ 2 for MNIST data (red) and theoretical findings

(blue).

EA'A'V'L;M"NW"“A'A:A:{ =¥ : i
EY-=7 - WAV AR \ \ \ \ \ \
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Theoretical Findings versus MNIST

Eigenvector 2/Eigenvector 1 Eigenvector 3/Eigenvector 2

Figure: 2D representation of eigenvectors of L, for the MNIST dataset. Theoretical means and 1-
and 2-standard deviations in blue. Class 1 in red, Class 2 in black, Class 3 in green.
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The surprising f'(7) = 0 case

0.5

0.4

0.3

0.2

Classification error

0.1

Figure: Polynomial kernel with f(7) =4, f"(7) = 2, x; € N(0,Cy), with C1 = I,,,
[Caliy; = 4177l cg = 1.

> Trivial classification when t =0, M =0 and ||T|| = O(1).
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Outline

Applications to Machine Learning (Xiaoyi MAI)

Kernel Spectral Clustering: The case f/(1) =0
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Position of the Problem

Problem: Cluster large data z1,...,z, € RP based on “spanned subspaces”.
Method:
» Still assume z1,...,x, belong to k classes Cy,...,Ck.

» Zero-mean Gaussian model for the data: for x; € Cy,

Tq ~ N(O, Ck)

.
» Performance of L = nD*% <K7 1#’5{" ) Dfé, with

K= o 7]|2 =_ =z

= {f (”xz*xj” )}lgi,jgn’ T = m

in the regime n,p — oo.
(alternatively, we can ask %trCi =1foralll1<i<k)
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Model and Reminders

Assumption 1 [Classes]. Vectors z1,..., 2z, € RP i.i.d. from k-class Gaussian mixture,
with z; € Cp, < z; ~ N(0,C},) (sorted by class for simplicity).

Assumption 2a [Growth Rates]. As n — oo, for each a € {1,...,k},
L. & —co €(0,00)
2. 22— cq € (0,00)

3. LtrCa =1 and trC3Cp = O(p), with CF = Co = C°, C° = 377 &G

Theorem (Corollary of Previous Section)
Let f smooth with f'(2) # 0. Then, under Assumptions 2a,

_1 1,17 i _ _ o\ n _
Lnp (= ) Do i = {5 (16 541}, @ = o/l

exhibits phase transition phenomenon, i.e., leading eigenvectors of L asymptotically
contain structural information about C1,...,Cy if and only if

1 k
T {mcgc;;}
p a,b=1

has sufficiently large eigenvalues (here M =0, t =0).
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The case f/'(2) =

Assumption 2b [Growth Rates]. As n — oo, for each a € {1,..., k},
1. % — ¢o € (0,00)
2. 2 — cq € (0,00)
3. 1trCy =1 and #r6262—04p)tr C3C5 = O(y/p), with CF = Cq — C°,
k
= Zb:l o Ch-
(in this regime, previous kernels clearly fail)
Remark: [Neyman—Pearson optimality]
> if C; = I, £ F with | E| — 0, detectability iif 1tr(C1 — C3)* > O(p %),

Theorem (Random Equivalent for f/(2) = 0)
Let f be smooth with f'(2) =0 and

f(2) [ f0) - f(2)
21"(2) f(2)

Then, under Assumptions 2b,

1

=p P}, P=1I,—=1,17.
n

1 O Y0 1”‘1 ll—lb *
L =PdP+ ﬁtr(()acb) » +O“H(1)
a,b=1

where ®;; = §;£;/DP [(w;rwj)Z - E[($;r$])2]] :

70/153



The case f/(2) =0

3

2 - i

1k i
A1 (L)

0 | d

—2 —1.5 -1 —0.5 0

Figure: Eigenvalues of L, p = 1000, n = 2000, k = 3, ¢1 = c2 = 1/4, ¢c3 = 1/2,
Ci o I + (p/8) " TW W], Wi € RPX®/® of iiid. (0, 1) entries, f(t) = exp(—(t — 2)?).

= No longer a Marcenko—Pastur like bulk, but rather a semi-circle bulk!
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The case f/(2) =0

Roadmap. We now need to:
» study the spectrum of ®
> study the isolated eigenvalues of £ (and the phase transition)

> retrieve information from the eigenvectors.
Theorem (Semi-circle law for @)
Let pn = % 22;1 5)\1.@). Then, under Assumption 2b,

a.s.
Hn —> [

with p the semi-circle distribution

1 1
w(dt) = -———+/(dcow? — t2)*dt, w= lim V2=tr(C°)2.

2meow p—ro0 p
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The case f/(2) =0

3 T I
[ Eigenvalues of L
Semi-circle law
92 [ |
1 |
A1(L)
0 | o
—2 —1.5 —1 —0.5 0

Figure: Eigenvalues of L, p = 1000, n = 2000, k = 3, ¢1 = c2 = 1/4, c3 = 1/2,
Ci o I + (p/8) " TW, W], Wi € RPX(®/®) of iiid. N(0,1) entries, /(1) = exp(—(t — 2)2).
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The case f/(2) =0

Denote now

Theorem (Isolated Eigenvalues)

Let v1 > ... > vy eigenvalues of T. Then, if \/cg
eigenvalue \; satisfying

vi| > w, L has an isolated

2

a.s. _ w

Ai — pi = covi + —.
Vi
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The case f/'(2) =

Theorem (lsolated Eigenvectors)

For each isolated eigenpair (\;,w;) of L corresponding to (v;,v;) of T, write

k
with jq = [0}, 17

LETUR L ~,OZ,€]T, (w)Tja = 0, supp(wf) = supp(ja),
Then, under Assumptions 1-2b,

a.s. 1 u)
a?ozi’ —(1-—== [7)7;7)2—],,,1,
co V;

. 2
{1)2 a.s, Cqg W
7

wi| = 1.

(o

co Viz

and the fluctuations of u;,uj, i # j, are asymptotically uncorrelated.
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The case f/(2) =0

Eigenvector 1

Eigenvector 2

0 200 400 600 800 1,000 1,200 1,400 1,600 1,800 2,000

Figure: Leading two eigenvectors of £ (or equivalently of L) versus deterministic approximations of
a a
ai £of.
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The case f/(2) =0

1072

Eigenvector 2

| | | | |
—4 -2 0 2 4

-2
Eigenvector 1 -10

Figure: Leading two eigenvectors of £ (or equivalently of L) versus deterministic approximations of
a a
aif £of.

78/153



Application: Multiple-source Subspace Clustering

Setting.
» p dimensional vector observations.
» n data sources.

> Elz;] =0, Elzz]] = Ca.

» T independent observations

@

T .
i ,LE ) for source i.

Objective. Cluster sources based on spanned subspace.

Applications examples. Massive MIMO scheduling / EEG classification / etc.

Algorithm.

1. Build kernel matrix K, then £, based on nT' vectors 1*?), S ,ocng) (as if nT
values to cluster).

2. Extract dominant isolated eigenvectors w1, ..., Uk
. For each i, create i; = %(In ® 1;)u7 i.e., average eigenvectors along time.

4. Perform k-class clustering on vectors @1, ..., .
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Application Example: Massive MIMO UE Clustering

1072
T T
L7\ Sy
° Q @
1
\
9 RS £
2
1
¢ of :
S
)
i #\
—5 |- ! —
5 #
| | |
-5 0 5
-2
Eigenvector 1 Eigenvector 1 ‘10

Figure: Massive MIMO application: Leading two eigenvectors before (left figure) and after (right
figure) T-averaging. Setting: p =400, n =40, T =10, k =3, ¢1 =c3 =1/4, co = 1/2,
angular spread model with angles —7 /30 £ 7/20, 0 + /20, and 7/30 £+ 7 /20. Kernel function
F(t) = exp(—(t — 2)?).
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Application Example: Massive MIMO UE Clustering

Correct clustering probability

Figure: Overlap for different T', using the k-means or EM starting from actual centroid solutions

(oracle) or randomly.

k-means (oracle)
— — — - k-means
—@— EM (oracle)

- -e--EM
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Application Example: Massive MIMO UE Clustering

0.8 |- Optimal kernel (k-means)
— — — - Optimal kernel (EM)
—@— Gaussian kernel (k-means)

— -@— - Gaussian kernel (EM)

0.6
Random guess

Correct clustering probability

0.4

Figure: Overlap for optimal kernel f(t) (here f(t) = exp(—(t — 2)?)) and Gaussian kernel
f(t) = exp(—t2), for different T, using the k-means or EM.
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Outline

Applications to Machine Learning (Xiaoyi MAI)

Kernel Spectral Clustering: The case f/(7) = %
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Optimal growth rates and optimal kernels

Conclusion of previous analyses:
> kernel f(%Hml —z;||?) with f/'(7) # 0:
> optimal in [|u2]| = O(1), LtrCS = O(p~ %)
» suboptimal in %trcgcg =0(1)
— Model type: Maréenko—Pastur + spikes.

> kernel f(%”xl — z]|2) with f/(7) = 0:
P suboptimal in ||ug || > O(1) (kills the means)
> suboptimal in %tr CoCy = O(]f%)
— Model type: smaller order semi-circle law + spikes.

Jointly optimal solution:
» evenly weighing Maréenko—Pastur and semi-circle laws
> the “a-B" kernel:

rE == 2

Il
=

NG
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New assumption setting

P> We consider now an improved growth rate setting.

Assumption (Optimal Growth Rate)
Asn — oo,

1. Data scaling: £ — ¢ € (0,00), 22 — ¢cq € (0,1),
ko ong
a=1 n
k

a=1

2. Mean scaling: with ;° = Z
3. Covariance scaling: with C° £ Z %C’a and C§ 2 (C, — C°, then

[Call = O(1),  trCq = O(Vp), trCCy = O(V/p).

Kernel:

» For technical simplicity, we consider

i =1

i.e., T replaced by 0.

ta and pg £ pg — p°, then ||ug || = O(1)

. 1 n
K:PKP:P{f <7(1:°)T(J:;))} Pl P=Iy——laly.
p 1,7 n
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Main Results

Theorem
Asn — oo,

H\/Z;(PKP-&- (F(0)+7f(0)) P) = ICH 250

with, for o = \/pf'(0) = O(1) and 8 = 5 f(0) = O(1),

K=aPWTWP + BPOP +UAUT
A aM™M + BT ol

aly, 0
U= L,PWTM

NG
¢ o\T, o {tr(cacb) T }k
— = J; — 1,1 .
;= (o)l - {=Ga)
Role of «, 3:

» Weighs Maréenko—Pastur versus semi-circle parts.
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Limiting eigenvalue distribution

Theorem (Eigenvalues Bulk)
As p — oo,

n
1 a.s,
A
vp = — 0, oy —> VU
=1

with v having Stieltjes transform m(z) solution of

2 .
= 24 %o (I;C + wc") — iouzm(z)
p co co

1
m(z)

where w = limp_s 00 %tr(C°)2.
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Limiting eigenvalue distribution

Figure: Eigenvalues of K (up to recentering) versus limiting law, p = 2048, n = 4096, k = 2,
2

ny = na, p; = 38;, f(z) = 38 (:c + \/L,;%) . (Top left): a = 8,3 = 1, (Top right):

a =4, = 3, (Bottom left): o = 3,3 = 4, (Bottom right): a = 1,8 = 8.
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Asymptotic performances: MNIST

» MNIST is “means-dominant” but not that much!

DATASETS ‘ lef — pslI>  Z5TR(CL — Ca)? H L1r(Ci - Cy)?
MNIST (pIGITS 1,7) 613 1990 71.1
MNIST (pIGITS 3, 6) 441 1119 39.9
MNIST (pIGITS 3, 8) 212 652 23.5

1

Overlap

0.8

—— Digits 1,7
0.6 [-| —— Digits 3,6
—— Digits 3,8

—-15 —-10 -5 0 5 10 15

™[R

Figure: Spectral clustering of the MNIST database for varying %
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Asymptotic performances: EEG data

> EEG data are “variance-dominant”
DATASETS ‘ lef — pslI?  Z5TR(CL — Co)? H Lrr(Ci - Cy)?
EEG (sETs A, E) | 2.4 10.9 Il 1.1
1
g 0.8 |- =
o
>
o
0.6 |- .
| | | | | |
—60 —40 —20 0 20 40
a
B

Figure: Spectral clustering of the EEG database for varying %
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Outline

Applications to Machine Learning (Xiaoyi MAI)

Semi-supervised Learning
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Laplacian Regularization

Context: Similar to clustering:
> Classify z1,...,2n € RP in K classes, with ny; labelled (n[;, in class Cx) and
npy) unlabelled data (ny,)y in class Cy).
> Problem statement: give scores Fj, (d; = [K1n]s)

k
F = argmingcgnxk Z Z Kij(Fiadi — Fjad?)z
a=1 1i,j

such that F;, = J{Iieca}, for all labelled x;.
> Solution: for F,) € R™[] xk, Fy € R™1** scores of unlabelled/labelled data,

-1
_ (e (@)
Fy) = (L[uu]> L[ul]F[l]

where
(c) (o)
L(a) — - D l—agpe — L%ll% Lglu]
Loy o

with D = diag {K1,}.
» Three common choices of a:
P> o = 0: Standard Laplacian Regularization
> « = —1/2: Symmetric Normalized Laplacian Regularization
> « = —1: Random Walk Normalized Laplacian Regularization
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The finite-dimensional intuition: What we expect

F., F., F.s

Y

Ml |
J LA AL
T niabeliod  labelied 'uma%eu‘e'd '

Cy Ca Cs

Figure: Typical expected performance output

labelled unlabelled labelled
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MNIST Data Example

T T T

[F(u)]wl (Zeros)
— [F(u)]-,2 (Ones)
[F(u)]_#; (Twos)

u)

Rl

| | |
0 50 100 150

Index

Figure: Vectors [F(“')],,a, a =1,2,3, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, n;/n = 1/16, Gaussian kernel.
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MNIST Data Example

Probability of correct classification

-2 —1.5 -1 —0.5 0

Index

Figure: Performance as a function of «, for 3-class MNIST data (zeros, ones, twos), n = 192,
p = 784, n;/n = 1/16, Gaussian kernel.
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MNIST Data Example

1072
T
[F(Ou)]‘vl (Zeros)
N _— [FCU)],’Q (Ones) 1
(FQ,y)-3 (Twos)
3=
ELH 9 |
l
< o
e 0 B
I
O
2
2 |
-4 | | | ]
0 50 100 150

Index

Figure: Centered Vectors [F(°u>].,a = [Fru) — +Fw 1k 17]..a, 3-class MNIST data (zeros, ones,
twos), « = —1, n = 192, p = 784, n;/n = 1/16, Gaussian kernel.
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Motivation

Empirical observations:

» Troubling flat classification scores!

» Only random walk normalized Laplacian regularization (ov = —1) works!.

Analysis to understand:

> Consider binary classification for simplicity of notations (easy to generalize to
‘one-versus-all’ case), and define

fi=Fi2 — F;
Then x; is classified in C; if f; negative, otherwise x; in Ca.

> Assume np/p — ¢y € (0,1) and npye/p = gk € (0,1). ey = D, cups
Clu] = Zk Clujk- Under the previous Gaussian mixture data model.
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Main Results

We can show that, for x; unlabelled,
fi = coleppa — cppn) +o(1)

Consequence: All f; have the same sign if c[j2 # c[)1-
Amendment: Use a normalized labelling yj;; (—1/cjy for C1, —1/cpp for C2).

N[}
fi=n(+a)(ta —t1) +o(1/y/p)

Consequence: All f; have the same sign if to # ¢7.
Amendment: Take o = —1 + %, B8=0(1).
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Main Results

U
Ji=gi +o(1/p)
where g; ~ N(my,03) for z; € Cj, with
ko f'(7)

_m T emk gk [_20@) e £ 2P0 2]
k=g oY [ i) A R A R J+ S F@)

2 (02 0\ e A1)
P <pf(7)2 pf(7)> A NGE

2
AHTCICA,U + Z terCa/C[l]a]

a=1

2 _
o =

where Ap = pg — p1, At =tg —t1, AC =Cy — Ch.
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Performance: Theoretical versus Empirical

1
X Simulation
0.8 H Theory
0.6 |-

M HH=RTK

Figure: Theoretical and empirical accuracy as a function of « for 2-class MNIST data (top: digits
(0,1), middle: digits (1,7), bottom: digits (8,9)), n = 1024, p = 784, ny;)/n = 1/16,
N[y]1 = M[u]2, Gaussian kernel. Averaged over 50 iterations.
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Main Results

N[}
fi =gi+0(1/p)

where g; ~ N (my, 0%) for x; € Cj, with

_em ek e [_2F) e P 2T 2] g ST
me= o Y [ au 4 A React] + (ke
2
s 2 (@ o\ . P02 | r
" <pf(7)2pf(f) S g | e *;“C’“C“/C[”“

where Ap = po — p1, At =tg —t1, AC =Cs — (.

mp, ai independent of c[y ‘

Consequence: Learning dominated by labelled data with negligible contribution from
unlabelled data. Not actual semi-supervised learning!
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MNIST Data Example

0.8 |- |

g 07 s ~ds- -
3
g Og—8— B —f
0.6 |- =
—8— Laplacian, nj;; =8
—6— Laplacian, nj;; = 16
0.5 | | | T T T
0 50 100 150 200 250

" [u]

Figure: Classification accuracy as a function of np,) with fixed np; for 2-class MNIST data (8,9),
Gaussian kernel. Optimal average results over 200 iterations.
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Main Results

U
fi=gi+o(1/p)
where g; ~ N(my,03) for z; € Cj, with

_m ek gk [ 2P e SO o 2P e2] gk ST
0 [ e + S A S tnact + ()t S
2rC2 [ f(m2 )\ Af!(r)? -
%k = » ] <pf(7)2  pf(7) AtZJFIQQf(T)Q A#TCkA#JtherCa/cma

a=1

where Ap = pg — p1, At =tg —t1, AC =Cy — Ch.

mp, of independent of ¢y ‘

Consequence: Learning only from labelled data, not actual semi-supervised learning!
Amendment: No direct solution, motivating the proposition of centered kernel
regularization, presented in the following section.
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Outline

Applications to Machine Learning (Xiaoyi MAI)

Improved Semi-supervised Learning
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Resurrecting SSL by centering

Link between scores flatness and non-expressive unlabelled data:

» The optimization solution same as stationary point of label propagation:

(@)
f[u1“L ) + Ly

with y[; composed of —1 and 1 for respectively labelled data in C1 and in Ca.
> negligible contribution of Ly f[y] if [l flat.

Cause of flat scores: In high dimensional regime, K;; ~ f(7) for all i # j, i.e.,

(]E{K(,,IQ} - E{I(mlﬂ })/UE{K”CL”Q}HE{K(HZ?I }‘ =~ e/f(7)2 = 0(1)

where 24, ,%a, € Cq and xp, € Cp, for a # b € {1,2}.
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Resurrecting SSL by centering

Solution:

> “Recenter” K to kill flattening, i.e., use

. 1
K=PKP| P=1I,— =1,1].
n

The recentering imposes E{ Ko, a,} +E{K4,5,} = 0 (in the case of balanced
datasets).

> Since ]E{kalﬂa} 7AE{Ra1b1} = E{KalaZ} - ]E{Kalbl} =€
E{Kayas} = —E{Kq,p, } = ¢/2.

» Hence,

(E{Kflwz} - E{Raﬂn })/‘E{f(ula’z}HE{kalb]}l =4= O(l)

4

Non flat scores!

106 /153



Centered Kernel Regularization

Method:

» Same loss function as Laplacian regularization, but with centered similarities f(ij.
> Optimization problem:

n
min Y Kislfi = fil

i,j=1
st gl = ¢
with f[l] =Yu-
> Solution obtained by the Lagrange multipliers method (« being the Lagrange
multiplier): ~ ~
fru) = (o = Kiy)) ™ Ky (1)
with « determined by a > ||R'[uu]|| and || fiyll =t
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MNIST Data Example

0.8 |- s _‘_‘__ﬁ —
- o ———‘———‘ -
- ‘e -7 - - ’E
> Fog P
§ 0.7 8—97"\9 —O
3 fug
0
g Bs—s 5 -
0.6 —B— Laplacian, np = 8 ||
—6— Laplacian, nj;; = 16
- B- Centered, np = 8
- ©- Centered, np = 16
0.5 I | | T T T
0 50 100 150 200 250

n[l] or n[u]

Figure: Classification accuracy as a function of n(,) with fixed ny; for 2-class MNIST data (8,9),
Gaussian kernel. Optimal average results over 200 iterations.
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Theoretical results

Effective learning from labelled and unlabelled data
> my < 0and my > 0 for all a. (recall that my, = E{f;}, 07 = Var{f;} with

x; € Ck)
2
or Mulke , POe) "
> 5=, + ol + —em where sg, Y[y and [ upper-bounded positive

k
values dependent of a.

> Y[yt is a decreasing function of ~y;j, which has a minimal value of zero. ~pj; can
also achieve zero, buy only for a sufficiently large c[;.

Formula for special cases
» Setting: z; ~ N(£p, Ip), with balanced data for each class.

» Formula:

-1
of o3 _(, ¢ 1 ¢ (-2

1 2 Clu] Clu] hU
mi  m3 el el el [lell*

where g(a) € (0,¢) with ¢ = min{1, | /||p||*cpy) }-

> Optimal performance of Laplacian regularization (random walk normalized
Laplacian):

2 2
o7 o5 1 1

mi  m3 o lul® el
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Performance as a function of n,}, nj

20 40 60 80 100
C[u]/C[l] (blue), C[l]/C[u] (black)

Figure: Correct classification rate, at optimal «, as a function of (i) ny,) for fixed p/np) = 5 (blue)
and (ii) n for fixed p/n[,] = 5 (black); c1 = co = 4; different values for ||u||. Comparison to
optimal Neyman—Pearson performance for known g (in red).
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SSL: the road from supervised to unsupervised

T T T T 0.85 T
0.62
0.8

0.61

0.6

0.75

Figure: Theory (solid) versus practice (dashed; from right to left: n = 400, 1000, 4000): correct
classification probability as a function of « for c,] = 7%, co = &, c1 = %, and left: ||p|| = 0.75
(below phase transition); right: ||u|| = 1.25 (above phase transition). Different values of n.
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Experimental evidence: MNIST

Digits (0,8) (2,7) (6,9)

np,) = 100
Centered kernel 89.56+3.6 89.5+3.4 85.3+5.9
Iterated centered kernel 89.5+3.6 89.5+3.4 85.3+5.9
Laplacian 755456 742458 70.0+5.5
Iterated Laplacian 87.2+4.7 86.0+5.2 81.4+6.8
Manifold 88.0+4.7 88.4+3.9 82.8+6.5

n[,) = 500
Centered kernel 91.7+1.3 92.2+1.3 91.6+2.2
Iterated centered kernel 91.84+1.4 92.2+1.3 92.0+2.1
Laplacian 75.6+4.1 744440 69.5+3.7
Iterated Laplacian 91.6+1.5 91.9+14 90.6+2.7
Manifold 90.7+2.1 91.241.9 90.1+3.7

Table: Comparison of classification accuracy (%) on MNIST datasets with ny) = 10. Computed

over 1000 random iterations for n(,; = 100 and 500 for n[,) = 500.
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Experimental evidence: Traffic signs (HOG features)

Class ID 2,7) (9,10) (11,18)

n[u] = 100
Centered kernel 79.0£10.4  77.5+9.2 78.5+7.1
Iterated centered kernel ~ 85.34+5.9 89.2+5.6 90.1+6.7
Laplacian 73.8+£9.8 77.3£9.5 78.6+7.2
Iterated Laplacian 83.7+7.2 88.01+6.8 87.1+8.8
Manifold 77.61+8.9 81.4+10.4 82.3+10.8

N[, = 500
Centered kernel 82.5+4.0 82.61+6.4 79.2+18.0
Iterated centered kernel  84.44+4.2 88.9+5.7 95.8+3.2
Laplacian 72.7+8.9 77.6+£8.3 79.1+6.3
Iterated Laplacian 82.7+5.7 88.1+7.4 92.44+6.7
Manifold 77.4+5.9 83.5+10.4 89.31+9.2

Table: Comparison of classification accuracy (%) on German Traffic Sign datasets with nj; = 10.

Computed over 1000 random iterations for n(,; = 100 and 500 for n(,; = 500.
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Outline

Applications to Random Projections and Neural Networks (Zhenyu LIAO)

114 /153



Outline

Applications to Random Projections and Neural Networks (Zhenyu LIAO)
Random Projections-based Ridge Regression
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Motivation: Feature extraction in machine learning

Learning = Representation + Evaluation 4+ Optimization.!

Features: representation of the data that contains crucial information for the given task.

Various methods for feature extraction:
> feature selection by hand (expert system)

» feature learned via backpropagation
» random projections/random feature maps:

P simple, fast and tractable theoretical analysis
P early stage of gradient-based methods (with random initialization)
P remaining difficulty: handle the nonlinearity!

How to study and understand these features? = Sample Covariance Matrix
L
SCM = =XX
T
of data X = [z1,...,x7] € RPXT. SCM in feature space = feature Gram matrix G:

1

G==x"y
T

with ¥ = [o(z1),...,0(zr)] feature matrix of X.

1Domingos, Pedro. “A few useful things to know about machine learning.” Communications of the ACM 55.10
(2012): 78-87.
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Motivation: RMT for random feature maps

Recall: G determines training and test performance via its resolvent
— —1
Q(2) = (G —=Ir)”".
Example:

data random W € R™*P  feature

vectors o(-) entry-wise vectors

X = [z1,...,27] € RPXT Y =o(WX) e R¥T
Figure: lllustration of random feature maps
MSE of random feature-based ridge regression (also called extreme learning machines):

1 '\/2 . 1. . N
Birain = —lly = 87S% = 97 Q% (=1)y, Brest = =l - BTS2

with ridge regressor 3 = %E (G+~Ip) 1 yT = %EQ(f'y)yT and regul;irization
v > 0. y associated target of training data X and ¢ target of test data X.

Key Issue
(Classical) quadratic form aTQ(2)b for nonlinear model ¥ = o(W X)!
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Handle nonlinearity in RMT: concentration of measure approach

Recall:
For o(t) =t, G = %XTWTWX with random W: Sample Covariance Matrix Model.
Proof essentially based on trace lemma: w € R" of i.i.d. entries and A of bound norm,

1 1
‘fwTAw — Ztr Al 250,
n n

Nonlinearity
However, here for nonlinear o(-), similar to the proof of Mar&enko-Pastur law:
T

Y =co(WX) = [Z"z } e RxT
—1

with o; = O'(XTwi) € RT, w; the i-th row of W. Rank-one perturbation:
1t -1 1t 1 1 -t
Q= ?2 ¥ —zlp = ?2—i2*7~'+fgigi —zIr
Q—i %UWIQ—i

=Q_; —
Y14 F0lQ_io;

with Q_; = (%Eziﬁ,i — zIT)71 independent of o;!
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Handle nonlinearity in RMT: concentration of measure approach

Object under study %G(WTX)AU(XTW)Z (compared to wT Aw)

n

» loss of independence between entries

> more elusive due to o(+)

= extend trace lemma to handle nonlinear case!

Lemma (Concentration of Quadratic Forms)
w € R™ of i.i.d. standard Gaussian entries and o (-) As-Lipschitz continuous. For
[|All <1 and X of bounded norm,
1 1 :
P (’TU(wTX)AU(XTw) - ?trCDA‘ > t) < Cemenmin(t,t?)

for some C,c >0 and ¢ = Ey [U(XTw)J(wTX)] (function of data X).
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Performance evaluation of random feature-based ridge regression

Theorem (Asymptotic Training Performance)

W ~ N(0, I,) and o(-) Ao-Lipschitz continuous and X of bounded norm. Then, as
n,p, T — 00, p/n — ¢p € (0,00) and T//n — cr € (0,00),

= a.s,
Etrain - Etrain —0

tr QW —
where Etraln - T yTQ [‘1% + IT:| Qy and Q (‘IJ + 'YIT) l, U= %%

with § the unique solution of § = Ttr@Q and ® = F,, [ (XTw)o(wTX)|.

Several remarks:

> (asymptotic) training performance only depends on (the training data X via) the
key averaged kernel matrix & and the dimension of problem

» similar results can be obtained for test performance

» = remains to compute ® on function of X
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Computation of averaged kernel ®

To evaluate the training and test performance, it remains to compute ® for different o
O(X) = Bu [o(XTw)o(w' X)]

the (%, j)-th entry of which given by

D, ;= (271')_%/ o(wa;)o(w z;)dw
RP

1 ST .
(BT & T

15012
= — :’f:j)e_fllw” diw  (projection on span(z;,;)).
27 Jro2

Example: for o(t) = max(¢,0) = ReLU(%),
% 1

D, 5 a(wTii)a(wTij)67%H“’HdeZ) =5 IERNEZ (\/ 1—/242- arccos(fl))
™

:Es

i — min(aT% @7 E. _ Ty
with § = min(@'Z;, w'%;) >0, £ = Teaie T
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Results of ® for commonly used o(+)

o(t) @, 5
max(t, 0)
%]

s+ max(t,0)+
s_ max(—t, 0)

1t>o0
sign(t)
§2t2 +c1t+ <o
cos(t)

sin(t)

erf(t)

2
exp(— 1)

Fllillesl (£ - arccos(—2) + /1 - 22)
Y PAIEN (4 -arcsin(£) + /1 — 42)

%(ci +e2)xla; + Hzi!l\rzﬂ\ (4 +5-)2 (\ /1 —22— 2. arccos(é))

1 1
3 — 34 arccos(£)

2 arcsin(Z)

2

T 2 2 2 2T 2 2 2
3 (2]e)? + loal2llz;112) + 2ala; + s2c0 (leill® + llzg112) + <3
exp (=% (ll2ill? + ll25112) ) cosh(a] ;)

1 2 2 . T
exp (=3 (lwill? + llz;12) ) sinh(a] o)
T

2z x,
garcsin( i J
2

Va+le ) a+2)e; ||2>)
1

=

VI 1) At 12) - @] e )2

(Still) highly nonlinear function of data X!
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Numerical validations

Performance of random feature-based ridge regression:

100 P 1 11 B B A1 R B AR
N Etrain (Theory)
: — ==~ FEtest (Theory)
O  Egrain (Simulation)
|| %  Etest (Simulation) |
SN S
X X S |
X% xox
w .
0
=
10~1
¢
¢
[CESaS o6 |
(IR RN T] R R 11 N T UT| R R WA AT B A AT A RN
10=% 1073 1072 107! 10° 10t 102

~

Figure: Performance for MNIST data (number 7 and 9), n = 512, T' = T' = 1024, p = 784.

= Theoretical performance understanding and fast tuning of hyperparameter ~!
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Outline

Applications to Random Projections and Neural Networks (Zhenyu LIAO)

Random Projections-based Spectral Clustering
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Dig deeper into the averaged kernel ®

For random feature maps:

> if deterministic data: performance determined by ®(X) and problem dimension

> if data following certain distribution (statistical information+random fluctuation):
=> what is the impact of nonlinearities on information extraction?

Data Model (same as for kernel clustering)

Consider data drawn from a K-class Gaussian mixture model (GMM):

i €Ca o= 12 4w,
VP

with w; ~ N(0, %C’a), a=1,...,K of statistical means u, € RP and covariance
Cq € RP*P. Class Cq has cardinality T,. For T'— oo, we have

> p/T — co € (0,00)

> T./T — cq € (0,1)

K X
> let p° =) 0 Tip and pd = pa — p, then ||ug| = O(1)

> let co =38 TiC; and Cf = Ca — ¢, then [|Cull = O(1), trC3/ /B = O(1).

= how different nonlinearities influence statistical information in ® (and thus G)?
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Analysis of (averaged) kernel matrix @ (revisit)

Similar to the analysis of kernel matrix K = f (%sz — xjHQ), for o(t) = ReLU(¥),

1
@iy = 5 llillllz;ll (L(@s, @) arccos(= £ (wi, 35)) + \/1 — 22 (wi, ;)

x] @)

with Z(z;,z;) = To understand ®:

X Hl\ﬂc I
» Taylor-expand nonlinear functions of x;,z; to get entry-wise approximation of ®; ;
P assembling in matrix form with careful control on operator norm

Theorem (Asymptotic Equivalent of @)

For all o(-) listed, we have, as T' — oo,

@ —®| 2% 0
with
_ JT T JT
d=d (Q+M— Q+M— | +doUBUT +dolr
VP VP
.
and U = [ﬁ, @], B= [tt :—; 28 ﬂ where J = [j1,...,JK], ja canonical vector of

class Cq (for clustering), weighted by two key parameters d;, d2 and
> Q, ¢ random fluctuations of data

> M = [u3,...,n%] containing differences in means, t = trCO} and

{f =1

K
S ={1l¢ CoCy differences in traces and shapes of covariances.
P a,b=1
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Consequence

A natural classification of o(-):
» mean-oriented, d1 # 0, do = 0: ¢,
1¢>0, sign(t), sin(t) and erf(t)
=separate with differences in

Table: Coefficients d; in ® for different o ().

o(t) dy da
means M;
t 1 0 > d d 0
1 1 covariance-oriented, d1 = 0,
max(t, 0) 1 Snr do 75 0: |t COS(t) and
1 Lt
S+ ma‘):(‘t 0)+ 1 ° 2 1 2T 2 exp(—t2/2)
s_ max(—t,0) 7o+ —<-) Frr (54 =) =track differences in covariances
1t>0 = 0 t, S
sign(t) =z 0 » balanced, both di,d2 # 0:
sat? + 1t + <o <7 <2 » ReLU function max(t, 0),
cos(t) o e~ T » Leaky ReLU function
o . 4 ¢+ max(t,0) + ¢— max(—t,0),
sin(t) e 0 » quadratic function
erf(t) 41 0 sat® + st + <o.
2 .
exp(— &) 0 m =make use of both statistics!

Not freely tunable as in the case of spectral clustering or SSL!
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Numerical validations: Gaussian data

Example: Gaussian mixture data of four classes: N'(u1,C1), N(u1,C2), N(uz2,C1)
and N (p2, C2) with Leaky ReLU function ¢4 max(t,0) + ¢— max(—t¢, 0).

Case 1: ¢4 = —¢_ =1 (equivalent to o(t) = [t])

T T T T
C1 Co Cs Cy N [« B
- C1 Ca C3 Cyq |
| | 1 I ]
Eigenvector 1 Eigenvector 2
Case 2: ¢4 = ¢ = 1 (equivalent to linear map o(t) = t)
T T T
C1 Ca Cs3 Ca |

Eigenvector 1

Eigenvector 2
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Numerical validations: Gaussian data

Case 3: ¢4 =1, ¢ =0 (the ReLU function)

C1

C2

Cs

Eigenvector 1

Eigenvector 2

C

|
Cq | C1 Ca [&£]
Eigenvector 2
T T T
o]
vy 7
% * §x§ ’K’z(x",
s X o x X%
x&”‘&‘x’,‘( %% gX x
*¥% *
x x)« #* - xgs,( x|
* % * XXx
| % |

Eigenvector 1
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Numerical validations:

real datasets

Table: Empirical estimation of differences in means and covariances of MNIST and EEG datasets.

M7 te” + 25|
MNIST data 86.0
EEG data 182.7

Table: Clustering accuracies on MNIST dataset.

Table: Clustering accuracies on EEG dataset.

\ o (t) T=64 T =128 \ U(t) T=64 T =128
t 88.94%  87.30% 70.31% 69.58%
mean. liso 82.94% 85.56% ean. 1t>0 65.87% 63.47%
o sign(t) 83.34% 85.22% e sign(t) 64.63% 63.03%
sin(t) 87.81%  87.50% oriente sin(t) 70.34% 68.22%
erf(t) 87.28% 86.59% erf(t) 70.59% 67.70%
cov 1t] 60.41% 57.81% cov 1#] 99.69% 99.50%
7 .
oriented cos(t)2 59.56% 57.72% oriented cos(t) 99.38% 99.36%
exp(—4-)  60.44% 58.67% exp(f— 99.81%  99.77%
balanced ‘ ReLU(t) 85.72% 82.27% balanced ‘ ReLU(t) 87.91% 90.97%
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Numerical validations: real datasets

~— Leading eigenvector for MNIST data
~——— Simulation: mean/std for MNIST data

~ ===« Theory: mean/std for Gaussian data

| 1

M

Ca

——  Leading eigenvector for EEG data
~——— Simulation: mean/std for EEG data

= = == Theory: mean/std for Gaussian data

C1

Figure: Leading eigenvector of & for the MNIST (top) and EEG (bottom) with Gaussian mixture
data (of same statistics) with a width of +1 standard deviations.
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Summary: random feature maps

Summary for random feature maps:

P concentration of measure helps extend trace lemma to nonlinear case
= asymptotic training/test performance of random feature-based ridge regression

> “concentration” of high dimensional data helps understand the key averaged kernel
matrix & = random feature-based spectral clustering

Take-away messages:
P fast tuning of hyperparameters
» nonlinearities into three attributes: means-, covariance-oriented and “balanced”

> optimize the choice of nonlinearity as a function of data for quadratic and LReLU
(similar to the “a-3" kernell)

= What happens if weights W are not i.i.d. but depend on data
(in the case of backpropagation)?
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Outline

Applications to Random Projections and Neural Networks (Zhenyu LIAO)

Random Matrix Analysis for Learning Dynamics of Neural Networks

133/153



Motivation: learning dynamics of neural networks

About neural networks and deep learning:
» Some known facts:

> trained with backpropagation (gradient-based method)
P highly over-parameterized, but some still generalize remarkably well

> and some (more) mysteries:

P how do neural networks learn from training data? what kind of features are learned?
P how they generalize on unseen data of similar nature? why they do not over-fit?
P can the network performance be guaranteed or .. .even predicted?

= The learning dynamics of neural networks!

With RMT:
A general framework for studying learning dynamics of a single-layer network!

In particular, under the appropriate double asymptotic regime: number of network
parameters and number of data instances comparably large!
As a consequence, more insights on:

> (random) initialization of training

» overfitting in neural networks

> (explicit or implicit) regularization: early stopping, l2-penalization
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Problem setup

A toy model of binary classification:

Gaussian Mixture Data
Consider data x; drawn from a two-class Gaussian mixture model: for a = 1,2

z; € Cq & 3 = (—l)a,u =+ w;
with w; of i.i.d. N'(0, 1) entries, label y; = —1 for C; and +1 for Ca.

Objective: Learning Dynamics

Gradient descent on loss L(w) = 5= [lyT — wT X||2 with X = [z1,...,2x]. For small
. - - 2n L
learning rate «, with continuous-time approximation:

dw(t) OL(w) «

& = % ae ~ R X (- XTw®)

ot

of explicit solution w(t) = e~ ntXXTwo + (Ip - e’%tXXT) (XXT)"1xyif XXT

invertible and wq the initialization.

To evaluate the learning dynamics:

> depends only on the projection of eigenvector weighted by exp(—at\) of
associated eigenvalue A

» functional of sample covariance matrix %XXT (again): RMT is the answer!
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Problem setup

Objective: Generalization Performance

Generalization performance for a new datum #: P(w(t)T2 > 0 | # € C1), or
P(w(t)T# < 0| & € C2). Since # Gaussian and independent of w(t):

w(t)T@ ~ N(Fw(t) p, |w(t)]|*)

for w(t) = ef%XXTwo + (Ip —e” ntXXT> (XX~ 1Xxy.

With RMT:

> although X random: w(t)Tu and |Jw(t)||? have asymptotically deterministic
behavior (only depends on data statistics and problem dimension):
= the technique of deterministic equivalent

> Cauchy’s integral formula to express the functional exp(-) via contour integration

= Network performance at any time is in fact deterministic and predictable!
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Proposed analysis framework

Resolvent and deterministic equivalents
Consider an n X n Hermitian random matrix M. Define its resolvent Qs (z), for z € C
not eigenvalue of M

Qum(z) = (M —zI,)"".

For a family of M, define a so-called deterministic equivalent Qs of Qas: a
deterministic matrix so that as n — oo,

> lerAQu — 2trAQy 250
T (QM - QM) b=%0
with A, a,b of bounded norm (operator and Euclidean).
= Study Qs instead of the random Q; for n large!
However, for more sophisticated functionals of M (than %tr AQps and aTQMb):

Cauchy's integral formula
Example: for f(M) = a'eMbdz,

FOM) = — - b exp(z)aT Qur (2)bdz ~ — —— f exp(2)aT Qs (2)bdz.

T omi
~

with ~ a positively oriented path circling around all the eigenvalues of M.
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Generalization performance

To evaluate generalization performance: w(t)T& ~ N (£w () p, [|w(t)||?) with
w(t) = ef%XXTwO + (Ip — ef%XXT)(XXT)_le.

> Cauchy’s integral formula: for w(t)T u:
1 1 -t 1- 1
Wlw(t) = —— ¢ uT (—XXT - zfp) (ft(z)wo T ﬂf){y) i
27 - n z n

with fi(z) = exp(—atz). Since X = —ujir + ujg +Q=puy" +Q, with
Q= [wh .. ,wn] € RPX™ of i.i.d. N(0,1) entries and j, € R™ the canonical
vectors of class C,, With Woodbury's identity,

1 T - 1
(3xx7-21,) Q@ -@) [ L]

wQ(2)p 1+ 2uTQ(2)y - ut Q(2)
1+ L0y —1+ LyTaTQ)lay| [LyTQT

—1
where Q(z) = (%QQT — zlp) and its deterministic equivalent:

Q(z) + Q(2) = m(2)Ip

l—c—2 + \V (17C7Z)274CZ.

with m(z) given by MarCenko-Pastur equation m(z) = 5 T

> “replace” the random Q(z) by its deterministic equivalent Q(z) = m(z)I,.
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Main result

Theorem (Generalization Performance)

Let p/n — ¢ € (0, 00) and the initialization wo be a random vector with i.i.d. entries of
zero mean, variance 0'2/p and finite fourth moment. Then, as n — oo,

Pw®)™2>0|2e€C)—Q (i) 2% 0,

VV
Pw®)T#<0|2eC)—Q (%) as

with the Q-function: Q(z) = \/% exp(—u?/2)du and

oo L [1-AG) lulPm) d
o ) = (Pt om) 1

11— f(2)2
V= L?{ [(l = (1~ 1) il ozftz(z)m(z)} dz.
v

2mi || Ul +oym(z) +

~ a closed positively oriented path containing all eigenvalues of %XXT and origin.

Contour integration: hard to understand/interpret = can we further simplify?
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Simplification: “break” the contour integration

: 1 T H
N Eigenvalues of = X-X- - F(z) « Eigenvalues of 1T
Mar&enko—Pastur distribution i n
1+ ——>  Integration path ~
% Theory: Ag H
( ya
) (=)
€] 2 € 4
>
] b Vs
—1 4+
1 2 3 4
Figure: Eigenvalue distribution of L X X T for
Figure: Eigenvalue distribution of %XXT for Mg: [ S'gO 1], p=512,n= 1024
n=[1.5;0p_1], p =512, n = 1024. T EPTAl ' :

Two types of eigenvalues:
> “main bulk” ([A=,A4]): sum of real integrals

> isolated eigenvalue (\s): residue theorem.
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Localization of isolated eigenvalue

Computation of s (Spike model)
> find \ eigenvalue of %XXT outside [A_, A\4] (i.e., not eigenvalue of %QQT),

1
det (7XXT - Mp) =0
n
Gdet (2007~ AL+ [ teg] [T} n —0
n P mo Y 1 0 %yTQT =
1o1) | e 1
sdet(L+|] LyTor QW [n Lay] ) =0

& 1+ ([el? + oym(\) +0(1) =0
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Discussions

(Simplified) generalization performance

- x 2 (& - X

with Mar&enko—Pastur distribution v(dz) = ¥ VEAITO )T ) + (1 ) 5(x)

2mex

with A_ = (1 —v0)%, A = (1 4+ €)%, As = ¢+ 1+ ||p)|? + ¢/||]|? and the measure

VE A0 —0F (- ot
TPV B 7 &

n(dz) =

5)\5 (:l‘)

Some remarks:

» n(dz): continuous distribution [A_, A;] (p — 1 eigenvalues) 4+ Dirac measure at
As (one single eigenvalue): contains comparable information!

> fn(dm = ||p||?, together with Cauchy Schwarz inequality:

E2< [ M@du [ du(e) < Hl'lﬁ‘z‘,‘ﬂv, with equality if and only if the
(initialization) variance 02 = 0: = Performance drop due to large 02!

» How much we over-fit? As t — oo, performance drop by 4/1 — min(c,c—1)
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Numerical validations

1072
8 TT
—&— Optimal error rates
6 o
0.5 T T
Simulation: training performance
4 ] 0.4 | X Theory: training performance L
o . . . .
Ll L 5 - = = = Simulation: generalization performance
10—2 10-1 109 B 0.3 |1 O Theory: generalization performance
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Summary: RMT for network learning dynamics

Take-away messages:
» RMT framework to understand and predict learning dynamics:
Cauchy’s integral formula + technique of deterministic equivalent

P easily extended to more elaborate data models: e.g., Gaussian mixture model with
different means and covariances

> a byproduct: choose the initialization variance o2

normalization of 1/p)!

even smaller (than classical
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Outline

Take-away Messages, Summary of Results and Perspectives (Romain COUILLET)
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Take-away messages

> Asymptotic “concentration effect” for large n,p = simplification in analyses and
models.

> Non-trivial phase transition phenomena (ability to detect, estimate) when
P, M — 00.

> Access to limiting performances and not only bounds! = hyperparameter
optimization, algorithm improvement.

» Complete intuitive change = opens way to renewed methods.

> Strong coincidence with real datasets = easy link between theory and practice.
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Perspectives and Open Problems

vyVVvVyVvyVvyVvyYyvyy

Neural nets: loss landscape, gradient descent dynamics and deep learning!
Generalized linear models

More general problems from convex optimization (often of implicit solution)
More difficult: problem raised from non-convex optimization problems
Transfer learning, active learning, generative networks (GAN)

Robust statistics in machine learning

147 /153



Summary of Results and Perspectives |

Kernel Methods: References

El
K

T T 1 1 i

N. El Karoui, “The spectrum of kernel random matrices”, The Annals of Statistics, 38(1),
1-50, 2010.

C. Xiuyuan, A. Singer, “The spectrum of random inner-product kernel matrices”, Random
Matrices: Theory and Applications 2.04 (2013): 1350010.

R. Couillet, F. Benaych-Georges, “Kernel Spectral Clustering of Large Dimensional Data”,
Electronic Journal of Statistics, vol. 10, no. 1, pp. 1393-1454, 2016.

R. Couillet, A. Kammoun, “Random Matrix Improved Subspace Clustering”, Asilomar
Conference on Signals, Systems, and Computers, Pacific Grove, CA, USA, 2016.

Z. Liao, R. Couillet, “Random matrices meet machine learning: a large dimensional analysis of

LS-SVM", IEEE International Conference on Acoustics, Speech and Signal Processing
(ICASSP’'17), New Orleans, USA, 2017.

X. Mai, R. Couillet, “The counterintuitive mechanism of graph-based semi-supervised learning

in the big data regime”, IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP'17), New Orleans, USA, 2017.

X. Mai, R. Couillet, “A random matrix analysis and improvement of semi-supervised learning
for large dimensional data”, (under review) Journal of Machine Learning Research, 2017.

Z. Liao, R. Couillet, “A Large Dimensional Analysis of Least Squares Support Vector
Machines”, (under review) Journal of Machine Learning Research, 2017.

148 /153



Summary of Results and Perspectives |l

Kernel Methods: References

E

[

K. Elkhalil, A. Kammoun, R. Couillet, T. Al-Naffouri, M.-S. Alouini, "“Asymptotic Performance
of Regularized Quadratic Discriminant Analysis Based Classifiers”, IEEE International
Workshop on Machine Learning for Signal Processing (MLSP’17), Roppongi, Tokyo, Japan,
2017.

H. Tiomoko Ali, A. Kammoun, R. Couillet, “Random matrix-improved kernels for large
dimensional spectral clustering”, Statistical Signal Processing Workshop (SSP’'18), Freiburg,
Germany, 2018.

149 /153



Summary of Results and Perspectives |

Feature Maps and Neural Networks: References

[

T R P P N T

C. Williams, “Computation with infinite neural networks”, Neural Computation, 10(5),
1203-1216, 1998.

A. Rahimi, B. Recht, “Random features for large-scale kernel machines”, Advances in neural
information processing systems pp. 1177-1184, 2007.

N. El Karoui, “Concentration of measure and spectra of random matrices: applications to
correlation matrices, elliptical distributions and beyond”, The Annals of Applied Probability,
19(6), 2362-2405, 2009.

A. Saxe, J. McClelland, S. Ganguli, “Exact solutions to the nonlinear dynamics of learning in
deep linear neural networks”, arXiv:1312.6120, 2013.

A. Choromanska, M. Henaff, M. Mathieu, G. Arous, Y. LeCun, “The loss surfaces of multilayer
networks”, In Artificial Intelligence and Statistics (pp. 192-204), 2015.

R. Couillet, G. Wainrib, H. Sevi, H. Tiomoko Ali, “The asymptotic performance of linear echo

state neural networks”, Journal of Machine Learning Research, vol. 17, no. 178, pp. 1-35, 2016.

C. Louart, R. Couillet, “Harnessing neural networks: a random matrix approach”, IEEE

International Conference on Acoustics, Speech and Signal Processing (ICASSP'17), New
Orleans, USA, 2017.

150 /153



Summary of Results and Perspectives |l

Feature Maps and Neural Networks: References

@ C. Louart, R. Couillet, “A Random Matrix and Concentration Inequalities Framework for

Neural Networks Analysis”, IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP'18), Calgary, Canada, 2018.

C. Louart, Z. Liao, R. Couillet, “A Random Matrix Approach to Neural Networks”, The Annals
of Applied Probability, vol. 28, no. 2, pp. 1190-1248, 2018.

J. Pennington, Y. Bahri, “Geometry of neural network loss surfaces via random matrix theory”,
In International Conference on Machine Learning, pp. 2798-2806. 2017.

Z. Liao, R. Couillet, “The Dynamics of Learning: A Random Matrix Approach”, International
Conference on Machine Learning, Stockholm, Sweden, 2018.

B & B &

Z. Liao, R. Couillet, “On the Spectrum of Random Features Maps of High Dimensional Data”,
International Conference on Machine Learning, Stockholm, Sweden, 2018.

151 /153



Summary of Results and Perspectives |

Robust Statistics: References

@ N. El Karoui, Noureddine, et al. “On robust regression with high-dimensional predictors”,
Proceedings of the National Academy of Sciences 110.36 (2013): 14557-14562.

@ R. Couillet, M. McKay, “Large Dimensional Analysis and Optimization of Robust Shrinkage

Covariance Matrix Estimators”, Elsevier Journal of Multivariate Analysis, vol. 131, pp. 99-120,
2014.

R. Couillet, “Robust spiked random matrices and a robust G-MUSIC estimator”, Elsevier
Journal of Multivariate Analysis, vol. 140, pp. 139-161, 2015.

D. Morales-Jimenez, R. Couillet, M. McKay, “Large Dimensional Analysis of Robust

M-Estimators of Covariance with Outliers”, IEEE Transactions on Signal Processing, vol. 63,
no. 21, pp. 5784-5797, 2015.

D. Donoho, A. Montanari, “High dimensional robust m-estimation: Asymptotic variance via
approximate message passing”, Probability Theory and Related Fields 166.3-4 (2016): 935-969.

R. Couillet, A. Kammoun, F. Pascal, “Second order statistics of robust estimators of scatter.

Application to GLRT detection for elliptical signals”, Elsevier Journal of Multivariate Analysis,
vol. 143, pp. 249-274, 2016.

B W B = &

A. Kammoun, R. Couillet, F. Pascal, M.-S. Alouini, “Optimal Design of the Adaptive
Normalized Matched Filter Detector using Regularized Tyler Estimator”, IEEE Transactions on
Aerospace and Electronic Systems, 2017.

152/153



The End

Thank you.
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