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Discrete-time linear systems

I Consider the following discrete-time linear (possibly time-varying) system with
impulse response h[n, m], and the input is the random process Xn.

I The output Yn of such system is given by

Yn = ∑
m

h[n, m]Xn−m

and we would like to check whether the sum in (defining) Yn exists?

Xn Ynh[n, m]
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Existence and WSS of the output

Theorem
Let {Xn : n ∈ Z} be a discrete-time random process with auto-correlation function
rxx[n, m] = E[XnX∗m]. Let h[n, m] denote the the impulse response of a discrete-time linear
system with input-output relation given by y[n] = ∑m h[n, m]x[n−m], n ∈ Z. Then,
I the output

Yn = ∑
m

h[n, m]Xn−m,

(for any fixed n ∈ Z) exists in the mean-square (m.s.) sense if

∑
m∈Z

|h[n, m]|
√

rxx[n−m, n−m] < ∞.

I if Xn is Wide-Sense Stationary (WSS) and the system is linear time-invariant (LTI) and
BIBO-stable, then Yn always exists in the m.s. sense and it is also WSS.

Proof: For any given n ∈ Z, define the random process {Zn,m = h[n, m]Xn−m : m ∈ Z},
so that Yn = ∑m Zn,m. Then, the auto-correlation function of Zn,m (with respect to m for
fixed n) is

rzz[`, k] = E
[
h[n, `]Xn−`h

∗[n, k]X∗n−k
]
= h[n, `]h∗[n, k]rxx[n− `, n− k]
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Proof: continuation

It is known that for a discrete-time process {Xn : n ∈ Z} with auto-correlation function
rxx[n, m], then the sum Yn = ∑∞

i=0 Xi converges in a m.s. sense
1 if and only if limn,m→∞ ∑m

i=n+1 ∑m
j=n+1 rxx[i, j] = 0 (Cauchy convergence);

2 if and only if limn,m→∞ ∑n
i=1 ∑m

j=1 rxx[i, j] = r < ∞ (Loeve’s criterion);

3 if ∑∞
n=1

√
rxx[n, n] < ∞ (Cauchy–Schwartz).

So, by Item 3, we have the convergence Yn = ∑m Zn,m if

∑
m∈Z

√
rzz[m, m] = ∑

m∈Z

|h[n, m]|
√

rxx[n−m, n−m] < ∞.

This proves the first statement.
Then, by definition of WSS (for Xn), we have rxx[n, m] = rxx[n−m]; and by definition
of LTI system, we have h[n, m] = h[m] (independent of n), so that

Yn = ∑
m

h[n, m]Xn−m = ∑
m

h[m]Xn−m discrete-time convolution

Furthermore, by definition of BIBO-stable, we have h[m] absolutely summable and

∑
m∈Z

√
rzz[m, m] = ∑

m∈Z

|h[n, m]|
√

rxx[n−m, n−m] =
√

rxx[0]∑
m
|h[m]| < ∞.

And it remains to check Yn is WSS to conclude the proof of the second statement.
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Input-output second-order statistics

I Consider Yn = ∑m h[n, m]Xn−m and assume that it exists in the m.s. sense. Then,

µy[n] = ∑
m

h[n, m]µx[n−m]

ryy[n, m] = ∑
`

∑
k

h[n, `]rxx[n− `, m− k]h∗[m, k]

ryx[n, m] = ∑
`

h[n, `]rxx[n− `, m]

rxy[n, m] = ∑
k

rxx[n, m− k]h∗[m, k]

I Suppose that the transformation is LTI, BIBO stable, and in the input is WSS, then

Yn = ∑
m

h[m]Xn−m

I Constant mean function of the output:

µy = ∑
m

h[m]µx = µx ∑
m

h[m]

I Auto-correlation function of the output

ryy[m] = E[YnY∗n−m] = ∑
`

∑
k

h[`]rxx(m− `+ k)h∗[k] = h[m]⊗ h∗[−m]⊗ rxx[m]
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I Output-input cross-correlation function

ryx[m] = E[YnX∗n−m] = ∑
`

h[`]rxx[m− `] = h[m]⊗ rxx[m]

I Input-output cross-correlation function

rxy[m] = E[XnY∗n−m] = ∑
`

h∗[−`]rxx[m− `] = h∗[−m]⊗ rxx[m]

I Notice also:
ryy[m] = h[m]⊗ rxy[m] = h∗[−m]⊗ ryx[m]
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Fourier transforms

I Discrete-time signals (I = Z):

x̌(f ) = ∑
n

xne−2πfn dt-Fourier transform

xn =
∫ 1/2

−1/2
x̌(f )e2πfndf representation

I Discrete-time finite duration signals (or periodic signals) (I = ZN):

x̌k =
1√
N

N−1

∑
n=0

xne− 2π
N nk DFT

xn =
1√
N

N−1

∑
k=0

x̌ke 2π
N nk representation
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Meaning of the equalities

I In all above relations, the = sign establishes a correspondence between x and its
transform x̌.

I If we restrict to L2 and `2 functions and sequences, the correspondence is
one-to-one in the Hilbert spaces of squared summable functions and sequences
with inner product

〈x, y〉 =
∫

x(t)y∗(t)dt, 〈x, y〉 = ∑
n

xny∗n

I Parseval identity ensures that the Fourier transform operator maps L2 (resp., `2)
into L2 (resp., `2), in particular, in the discrete-time case we have:

〈x, x〉 = ∑
n
|xn|2 =

∫
|x̌(f )|2df
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Energy spectral density

I Consider a random process Xn with auto-correlation function rxx[n, m] such that
∑n,m rxx[n, m] < ∞ (Notice: this process is generally NOT WSS).

I Its Fourier transform exists in the m.s. sense

X̌(f ) = ∑
n

Xne−2πfn

I The auto-correlation function of X̌(f ) is defined as

rx̌x̌(f1, f2) = E[X̌(f1)X̌∗(f2)] = ∑
n

∑
m

rxx[n, m]e−2π(f1n−f2m)
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I In electrical engineering, the second moment E[|Xn|2] = rxx[n, n] represents the
(ensemble average) energy per sample of the process.

I Summed over all n, the total (ensemble average) energy is

Ex = E

[
∑
n
|Xn|2

]
= ∑

n
rxx[n, n]
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I By using Parseval’s identity, we have

Ex = E

[
∑
n
|Xn|2

]
= E

[∫ 1/2

−1/2
|X̌(f )|2df

]
=
∫

rx̌x̌(f , f )df

I We define the energy spectral density (ESD) function as

Ex(f ) = E[|X̌(f )|2] = rx̌x̌(f , f )

I The ESD is non-negative real, and when integrated over f ∈ [−1/2, 1/2] yields the
process average energy.

I The quantity Ex(f )df can be interpreted as the average amount of energy that the
process allocates to its frequency component at frequency f .
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ESD and LTI systems

I Consider Yn = ∑m h[m]Xn−m where h[m] is the impulse response of a BIBO-stable
LTI system. Then

Y̌(f ) = ȟ(f )X̌(f )

I Direct calculation shows immediately that

ry̌y̌(f1, f2) = ȟ(f1)ȟ∗(f2)rx̌x̌(f1, f2)

I It follows that

Ey(f ) = ry̌y̌(f , f ) =
∣∣∣ȟ(f )∣∣∣2 Ex(f )

I In plain words, the LTI system acts on the energy density of the process by
re-weighting the frequency components by the squared magnitude of the system
transfer function |ȟ(f )|2.
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Power spectral density

I Consider a random process Xn such that ∑n,m rxx[n, m] may not converge, but such
that its truncation to the finite support [−N, N] is finite for any finite N.

I Define

X̌N(f ) =
N

∑
n=−N

Xne−2πfn

and the corresponding ESD E(N)
x (f ) = E[|X̌N(f )|2], with

∫
E(N)

x (f )df = E (N)
x

I The power of Xn is defined as the average energy per index/symbol/time

Px = lim
N→∞

1
2N + 1

E (N)
x = lim

N→∞

1
2N + 1

∫ 1/2

−1/2
E(N)

x (f )df

when this limit exists.
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I Assuming that we can exchange limit and integration (e.g., with Lebesgue’s
dominated convergence theorem), we define the power spectral density (PSD) of
Xn as

Px(f ) = lim
N→∞

E(N)
x (f )

2N + 1
= lim

N→∞

1
2N + 1

E
[∣∣X̌N(f )

∣∣2]
I It follows that, if the PSD exists (exchanging limit with integration is valid), then

the signal power is given by

Px =
∫ 1/2

−1/2
Px(f )df
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Wiener-Khintchine Theorem

In plain words, auto-correlation function of a wide-sense-stationary (WSS) random
process has a spectral decomposition given by the power spectrum of that process.

Theorem
If Xn is WSS with absolutely summable auto-correlation function rxx[m], then

Px(f ) = ∑
m

rxx[m]e−2πfm

i.e., the PSD is the Fourier transform of the auto-correlation function.

I Px(f ) is real non-negative valued since rxx[m] is Hermitian symmetric and positive
semi-definite.

I If Xn is real-valued, then Px(f ) is an even function (i.e., Px(f ) = Px(−f )).
I By the inverse Fourier transform, we have

rxx[m] =
∫ 1/2

−1/2
Px(f )ej2πfmdf
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Proof of Wiener-Khintchine Theorem

I We write

1
2N + 1

E
[∣∣X̌N(f )

∣∣2] =
1

2N + 1
E

∣∣∣∣∣ N

∑
n=−N

Xne−2πfn

∣∣∣∣∣
2


=
1

2N + 1

N

∑
n=−N

N

∑
m=−N

rxx[n−m]e−2πf (n−m)

=
2N

∑
`=−2N

rxx[`]

(
1− |`|

2N + 1

)
e−2πf `

where the last equality follows from the fact that rxx[n−m] is constant for each
diagonal summation path n−m = ` in the rectangle [−N, N]× [−N, N].

I If rxx[m] is absolutely summable, we can let N → ∞ and have the result.
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LTI Systems in the frequency domain

I Let Xn, Yn be the WSS input and output of a LTI BIBO-stable system with impulse
response h[m].

I Recalling the convolution relation between rxx[m], ryx[m] and ryy[m], we have

ryy[m] = h[m]⊗ h∗[−m]⊗ rxx[m] ⇔ Py(f ) = |ȟ(f )|2Px(f )

ryx[m] = h[m]⊗ rxx[m] ⇔ Pyx(f ) = ȟ(f )Px(f )

rxy[m] = h∗[−m]⊗ rxx[m] ⇔ Pxy(f ) = ȟ∗(f )Px(f )

ryy[m] = h[m]⊗ rxy[m] ⇔ Py(f ) = ȟ(f )Pxy(f )
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Input-output relations for correlation

Xn Yn
h[m]

h⇤[�m]
rxx[m] rxy[m]

h[m]
rxx[m]
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<latexit sha1_base64="HGPvkluc+e7l2c+c33nyOqDNiBw=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCCJZEBHVXdOOygrGFNJbJdNIOnUeYmQg1FH/FjQsVt36IO//GaZuFVg9cOJxzL/feE6eMauN5X05pbn5hcam8XFlZXVvfcDe3brXMFCYBlkyqVow0YVSQwFDDSCtVBPGYkWY8uBz7zXuiNJXixgxTEnHUEzShGBkrddydfigi2JaGcqJh/+4wPOJRx616NW8C+Jf4BamCAo2O+9nuSpxxIgxmSOvQ91IT5UgZihkZVdqZJinCA9QjoaUC2WVRPrl+BPet0oWJVLaEgRP150SOuNZDHttOjkxfz3pj8T8vzExyFuVUpJkhAk8XJRmDRsJxFLBLFcGGDS1BWFF7K8R9pBA2NrCKDcGfffkvCY5r5zXv+qRavyjSKINdsAcOgA9OQR1cgQYIAAYP4Am8gFfn0Xl23pz3aWvJKWa2wS84H9+rRpRD</latexit><latexit sha1_base64="HGPvkluc+e7l2c+c33nyOqDNiBw=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCCJZEBHVXdOOygrGFNJbJdNIOnUeYmQg1FH/FjQsVt36IO//GaZuFVg9cOJxzL/feE6eMauN5X05pbn5hcam8XFlZXVvfcDe3brXMFCYBlkyqVow0YVSQwFDDSCtVBPGYkWY8uBz7zXuiNJXixgxTEnHUEzShGBkrddydfigi2JaGcqJh/+4wPOJRx616NW8C+Jf4BamCAo2O+9nuSpxxIgxmSOvQ91IT5UgZihkZVdqZJinCA9QjoaUC2WVRPrl+BPet0oWJVLaEgRP150SOuNZDHttOjkxfz3pj8T8vzExyFuVUpJkhAk8XJRmDRsJxFLBLFcGGDS1BWFF7K8R9pBA2NrCKDcGfffkvCY5r5zXv+qRavyjSKINdsAcOgA9OQR1cgQYIAAYP4Am8gFfn0Xl23pz3aWvJKWa2wS84H9+rRpRD</latexit><latexit sha1_base64="HGPvkluc+e7l2c+c33nyOqDNiBw=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCCJZEBHVXdOOygrGFNJbJdNIOnUeYmQg1FH/FjQsVt36IO//GaZuFVg9cOJxzL/feE6eMauN5X05pbn5hcam8XFlZXVvfcDe3brXMFCYBlkyqVow0YVSQwFDDSCtVBPGYkWY8uBz7zXuiNJXixgxTEnHUEzShGBkrddydfigi2JaGcqJh/+4wPOJRx616NW8C+Jf4BamCAo2O+9nuSpxxIgxmSOvQ91IT5UgZihkZVdqZJinCA9QjoaUC2WVRPrl+BPet0oWJVLaEgRP150SOuNZDHttOjkxfz3pj8T8vzExyFuVUpJkhAk8XJRmDRsJxFLBLFcGGDS1BWFF7K8R9pBA2NrCKDcGfffkvCY5r5zXv+qRavyjSKINdsAcOgA9OQR1cgQYIAAYP4Am8gFfn0Xl23pz3aWvJKWa2wS84H9+rRpRD</latexit>

ryy[m]
<latexit sha1_base64="B9RVSNFvtoYyGGrWdxFgv6xyawY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtJQ9lsN+3S3U3Y3Qgh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woJNMEeqThCeqG2FNOZPUN8xw2k0VxSLitBONb6Z+54kqzRJ5b/KUhgIPJYsZwcZKj6pf5PkkEGG/3nCb7gxomXglaUCJdr/+1RskJBNUGsKx1oHnpiYssDKMcDqp9TJNU0zGeEgDSyUWVIfF7OAJOrHKAMWJsiUNmqm/JwostM5FZDsFNiO96E3F/7wgM/FlWDCZZoZKMl8UZxyZBE2/RwOmKDE8twQTxeytiIywwsTYjGo2BG/x5WXinzWvmu7deaN1XaZRhSM4hlPw4AJacAtt8IGAgGd4hTdHOS/Ou/Mxb6045cwh/IHz+QOyFZCH</latexit><latexit sha1_base64="B9RVSNFvtoYyGGrWdxFgv6xyawY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtJQ9lsN+3S3U3Y3Qgh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woJNMEeqThCeqG2FNOZPUN8xw2k0VxSLitBONb6Z+54kqzRJ5b/KUhgIPJYsZwcZKj6pf5PkkEGG/3nCb7gxomXglaUCJdr/+1RskJBNUGsKx1oHnpiYssDKMcDqp9TJNU0zGeEgDSyUWVIfF7OAJOrHKAMWJsiUNmqm/JwostM5FZDsFNiO96E3F/7wgM/FlWDCZZoZKMl8UZxyZBE2/RwOmKDE8twQTxeytiIywwsTYjGo2BG/x5WXinzWvmu7deaN1XaZRhSM4hlPw4AJacAtt8IGAgGd4hTdHOS/Ou/Mxb6045cwh/IHz+QOyFZCH</latexit><latexit sha1_base64="B9RVSNFvtoYyGGrWdxFgv6xyawY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtJQ9lsN+3S3U3Y3Qgh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woJNMEeqThCeqG2FNOZPUN8xw2k0VxSLitBONb6Z+54kqzRJ5b/KUhgIPJYsZwcZKj6pf5PkkEGG/3nCb7gxomXglaUCJdr/+1RskJBNUGsKx1oHnpiYssDKMcDqp9TJNU0zGeEgDSyUWVIfF7OAJOrHKAMWJsiUNmqm/JwostM5FZDsFNiO96E3F/7wgM/FlWDCZZoZKMl8UZxyZBE2/RwOmKDE8twQTxeytiIywwsTYjGo2BG/x5WXinzWvmu7deaN1XaZRhSM4hlPw4AJacAtt8IGAgGd4hTdHOS/Ou/Mxb6045cwh/IHz+QOyFZCH</latexit>
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Input-output relations for PSD

Xn Yn
h[m]

Px(f)
<latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit>

Px(f)
<latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="yXzk/T3QvwozRm6nSGy8Td4vj9A=">AAAB4XicbZDNTgIxFIXv4B8iKrp100hMcENm3Kg7EzcuMXGABCakU+5ApdNO2o6REN7BjQs1vpQ738bys1DwJE2+nNOm9544E9xY3//2ChubW9s7xd3SXnn/4LByVG4alWuGIVNC6XZMDQouMbTcCmxnGmkaC2zFo9tZ3npCbbiSD3acYZTSgeQJZ9Q6q9noPdeS816l6tf9ucg6BEuowlKNXuWr21csT1FaJqgxncDPbDSh2nImcFrq5gYzykZ0gB2HkqZoosl82ik5c06fJEq7Iy2Zu79fTGhqzDiN3c2U2qFZzWbmf1knt8lVNOEyyy1KtvgoyQWxisxWJ32ukVkxdkCZ5m5WwoZUU2ZdQSVXQrC68jqEF/Xrun/vQxFO4BRqEMAl3MAdNCAEBo/wAm/w7inv1ftYtFXwlrUdwx95nz8MCI0Q</latexit><latexit sha1_base64="yXzk/T3QvwozRm6nSGy8Td4vj9A=">AAAB4XicbZDNTgIxFIXv4B8iKrp100hMcENm3Kg7EzcuMXGABCakU+5ApdNO2o6REN7BjQs1vpQ738bys1DwJE2+nNOm9544E9xY3//2ChubW9s7xd3SXnn/4LByVG4alWuGIVNC6XZMDQouMbTcCmxnGmkaC2zFo9tZ3npCbbiSD3acYZTSgeQJZ9Q6q9noPdeS816l6tf9ucg6BEuowlKNXuWr21csT1FaJqgxncDPbDSh2nImcFrq5gYzykZ0gB2HkqZoosl82ik5c06fJEq7Iy2Zu79fTGhqzDiN3c2U2qFZzWbmf1knt8lVNOEyyy1KtvgoyQWxisxWJ32ukVkxdkCZ5m5WwoZUU2ZdQSVXQrC68jqEF/Xrun/vQxFO4BRqEMAl3MAdNCAEBo/wAm/w7inv1ftYtFXwlrUdwx95nz8MCI0Q</latexit><latexit sha1_base64="aMFWEZw8oEzlNbfjLcyuNoJ2fE0=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzZoB3RxhITD0jgQvaWPVjZ273s7hnJhf9gY6HG1h9k579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPxzcxvP1KlmRT3ZpLQIMZDwSJGsLFSq9l/qkbn/XLFrblzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qossgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq8S/qF3V3Du30rjO0yjCCZxCFTyoQwNuoQk+EHiAZ3iFN0c6L86787FoLTj5zDH8gfP5Ay4ZjmM=</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit>

Px(f)
<latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="yXzk/T3QvwozRm6nSGy8Td4vj9A=">AAAB4XicbZDNTgIxFIXv4B8iKrp100hMcENm3Kg7EzcuMXGABCakU+5ApdNO2o6REN7BjQs1vpQ738bys1DwJE2+nNOm9544E9xY3//2ChubW9s7xd3SXnn/4LByVG4alWuGIVNC6XZMDQouMbTcCmxnGmkaC2zFo9tZ3npCbbiSD3acYZTSgeQJZ9Q6q9noPdeS816l6tf9ucg6BEuowlKNXuWr21csT1FaJqgxncDPbDSh2nImcFrq5gYzykZ0gB2HkqZoosl82ik5c06fJEq7Iy2Zu79fTGhqzDiN3c2U2qFZzWbmf1knt8lVNOEyyy1KtvgoyQWxisxWJ32ukVkxdkCZ5m5WwoZUU2ZdQSVXQrC68jqEF/Xrun/vQxFO4BRqEMAl3MAdNCAEBo/wAm/w7inv1ftYtFXwlrUdwx95nz8MCI0Q</latexit><latexit sha1_base64="yXzk/T3QvwozRm6nSGy8Td4vj9A=">AAAB4XicbZDNTgIxFIXv4B8iKrp100hMcENm3Kg7EzcuMXGABCakU+5ApdNO2o6REN7BjQs1vpQ738bys1DwJE2+nNOm9544E9xY3//2ChubW9s7xd3SXnn/4LByVG4alWuGIVNC6XZMDQouMbTcCmxnGmkaC2zFo9tZ3npCbbiSD3acYZTSgeQJZ9Q6q9noPdeS816l6tf9ucg6BEuowlKNXuWr21csT1FaJqgxncDPbDSh2nImcFrq5gYzykZ0gB2HkqZoosl82ik5c06fJEq7Iy2Zu79fTGhqzDiN3c2U2qFZzWbmf1knt8lVNOEyyy1KtvgoyQWxisxWJ32ukVkxdkCZ5m5WwoZUU2ZdQSVXQrC68jqEF/Xrun/vQxFO4BRqEMAl3MAdNCAEBo/wAm/w7inv1ftYtFXwlrUdwx95nz8MCI0Q</latexit><latexit sha1_base64="aMFWEZw8oEzlNbfjLcyuNoJ2fE0=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzZoB3RxhITD0jgQvaWPVjZ273s7hnJhf9gY6HG1h9k579xgSsUfMkkL+/NZGZemHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPxzcxvP1KlmRT3ZpLQIMZDwSJGsLFSq9l/qkbn/XLFrblzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qossgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq8S/qF3V3Du30rjO0yjCCZxCFTyoQwNuoQk+EHiAZ3iFN0c6L86787FoLTj5zDH8gfP5Ay4ZjmM=</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit><latexit sha1_base64="XCJLP16QoVBMUpoR2tb/u1P9L+4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrTNQb0YtHTFwggQ3pli5Uuu2m7RrJhv/gxYMar/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNRu9p2p02itX3Jo7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz8s9pVzb07r9Sv8zSKcATHUAUPLqAOt9AAHwg8wDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEvWY5n</latexit>

Pxy(f)
<latexit sha1_base64="7qIA2fDpppAwD+Abpfqx0NhZRB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtpQ9lsN+3S3U3Y3Ygh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW//XsepItQnMY9VO8Saciapb5jhtJ0oikXIaSscXU/81iNVmsXyzmQJDQQeSBYxgo2VHpq9/Ckb16KTXqXq1t0p0CLxClKFAs1e5avbj0kqqDSEY607npuYIMfKMMLpuNxNNU0wGeEB7VgqsaA6yKcHj9GxVfooipUtadBU/T2RY6F1JkLbKbAZ6nlvIv7ndVITXQQ5k0lqqCSzRVHKkYnR5HvUZ4oSwzNLMFHM3orIECtMjM2obEPw5l9eJP5p/bLu3p5VG1dFGiU4hCOogQfn0IAbaIIPBAQ8wyu8Ocp5cd6dj1nrklPMHMAfOJ8/1VGP9g==</latexit><latexit sha1_base64="7qIA2fDpppAwD+Abpfqx0NhZRB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtpQ9lsN+3S3U3Y3Ygh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW//XsepItQnMY9VO8Saciapb5jhtJ0oikXIaSscXU/81iNVmsXyzmQJDQQeSBYxgo2VHpq9/Ckb16KTXqXq1t0p0CLxClKFAs1e5avbj0kqqDSEY607npuYIMfKMMLpuNxNNU0wGeEB7VgqsaA6yKcHj9GxVfooipUtadBU/T2RY6F1JkLbKbAZ6nlvIv7ndVITXQQ5k0lqqCSzRVHKkYnR5HvUZ4oSwzNLMFHM3orIECtMjM2obEPw5l9eJP5p/bLu3p5VG1dFGiU4hCOogQfn0IAbaIIPBAQ8wyu8Ocp5cd6dj1nrklPMHMAfOJ8/1VGP9g==</latexit><latexit sha1_base64="7qIA2fDpppAwD+Abpfqx0NhZRB0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtpQ9lsN+3S3U3Y3Ygh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW//XsepItQnMY9VO8Saciapb5jhtJ0oikXIaSscXU/81iNVmsXyzmQJDQQeSBYxgo2VHpq9/Ckb16KTXqXq1t0p0CLxClKFAs1e5avbj0kqqDSEY607npuYIMfKMMLpuNxNNU0wGeEB7VgqsaA6yKcHj9GxVfooipUtadBU/T2RY6F1JkLbKbAZ6nlvIv7ndVITXQQ5k0lqqCSzRVHKkYnR5HvUZ4oSwzNLMFHM3orIECtMjM2obEPw5l9eJP5p/bLu3p5VG1dFGiU4hCOogQfn0IAbaIIPBAQ8wyu8Ocp5cd6dj1nrklPMHMAfOJ8/1VGP9g==</latexit>

Pyx(f)
<latexit sha1_base64="oyltAH7JmN3IUhfkFMdJ6KzAA8U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtpQ9lsN+3S3U3Y3Ygh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW//XsepItQnMY9VO8Saciapb5jhtJ0oikXIaSscXU/81iNVmsXyzmQJDQQeSBYxgo2VHpq9PHsa16KTXqXq1t0p0CLxClKFAs1e5avbj0kqqDSEY607npuYIMfKMMLpuNxNNU0wGeEB7VgqsaA6yKcHj9GxVfooipUtadBU/T2RY6F1JkLbKbAZ6nlvIv7ndVITXQQ5k0lqqCSzRVHKkYnR5HvUZ4oSwzNLMFHM3orIECtMjM2obEPw5l9eJP5p/bLu3p5VG1dFGiU4hCOogQfn0IAbaIIPBAQ8wyu8Ocp5cd6dj1nrklPMHMAfOJ8/1VKP9g==</latexit><latexit sha1_base64="oyltAH7JmN3IUhfkFMdJ6KzAA8U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtpQ9lsN+3S3U3Y3Ygh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW//XsepItQnMY9VO8Saciapb5jhtJ0oikXIaSscXU/81iNVmsXyzmQJDQQeSBYxgo2VHpq9PHsa16KTXqXq1t0p0CLxClKFAs1e5avbj0kqqDSEY607npuYIMfKMMLpuNxNNU0wGeEB7VgqsaA6yKcHj9GxVfooipUtadBU/T2RY6F1JkLbKbAZ6nlvIv7ndVITXQQ5k0lqqCSzRVHKkYnR5HvUZ4oSwzNLMFHM3orIECtMjM2obEPw5l9eJP5p/bLu3p5VG1dFGiU4hCOogQfn0IAbaIIPBAQ8wyu8Ocp5cd6dj1nrklPMHMAfOJ8/1VKP9g==</latexit><latexit sha1_base64="oyltAH7JmN3IUhfkFMdJ6KzAA8U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEUG9FLx4rGFtpQ9lsN+3S3U3Y3Ygh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW//XsepItQnMY9VO8Saciapb5jhtJ0oikXIaSscXU/81iNVmsXyzmQJDQQeSBYxgo2VHpq9PHsa16KTXqXq1t0p0CLxClKFAs1e5avbj0kqqDSEY607npuYIMfKMMLpuNxNNU0wGeEB7VgqsaA6yKcHj9GxVfooipUtadBU/T2RY6F1JkLbKbAZ6nlvIv7ndVITXQQ5k0lqqCSzRVHKkYnR5HvUZ4oSwzNLMFHM3orIECtMjM2obEPw5l9eJP5p/bLu3p5VG1dFGiU4hCOogQfn0IAbaIIPBAQ8wyu8Ocp5cd6dj1nrklPMHMAfOJ8/1VKP9g==</latexit>

Pyy(f)
<latexit sha1_base64="KyqYnc/S5/CksiEBt+KSTaDiroI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhKG8pmu2mX7m7C7kYIob/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDP1209UaRbLe5MlNBB4KFnECDZWemz18yyb1KPTfrXmNtwZ0DLxClKDAq1+9as3iEkqqDSEY627npuYIMfKMMLppNJLNU0wGeMh7VoqsaA6yGcHT9CJVQYoipUtadBM/T2RY6F1JkLbKbAZ6UVvKv7ndVMTXQY5k0lqqCTzRVHKkYnR9Hs0YIoSwzNLMFHM3orICCtMjM2oYkPwFl9eJv5Z46rh3p3XmtdFGmU4gmOogwcX0IRbaIEPBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8f1tmP9w==</latexit><latexit sha1_base64="KyqYnc/S5/CksiEBt+KSTaDiroI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhKG8pmu2mX7m7C7kYIob/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDP1209UaRbLe5MlNBB4KFnECDZWemz18yyb1KPTfrXmNtwZ0DLxClKDAq1+9as3iEkqqDSEY627npuYIMfKMMLppNJLNU0wGeMh7VoqsaA6yGcHT9CJVQYoipUtadBM/T2RY6F1JkLbKbAZ6UVvKv7ndVMTXQY5k0lqqCTzRVHKkYnR9Hs0YIoSwzNLMFHM3orICCtMjM2oYkPwFl9eJv5Z46rh3p3XmtdFGmU4gmOogwcX0IRbaIEPBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8f1tmP9w==</latexit><latexit sha1_base64="KyqYnc/S5/CksiEBt+KSTaDiroI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhKG8pmu2mX7m7C7kYIob/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDP1209UaRbLe5MlNBB4KFnECDZWemz18yyb1KPTfrXmNtwZ0DLxClKDAq1+9as3iEkqqDSEY627npuYIMfKMMLppNJLNU0wGeMh7VoqsaA6yGcHT9CJVQYoipUtadBM/T2RY6F1JkLbKbAZ6UVvKv7ndVMTXQY5k0lqqCTzRVHKkYnR9Hs0YIoSwzNLMFHM3orICCtMjM2oYkPwFl9eJv5Z46rh3p3XmtdFGmU4gmOogwcX0IRbaIEPBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8f1tmP9w==</latexit>

ȟ⇤(f)
<latexit sha1_base64="7B98Z1Kk4X4weXST7FKgxNYZBas=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBCih7ARQb0FvXiM4JpAsgmzk97skNkHM7NKWPIfXjyoePVjvPk3TpI9aGJBQ1HVTXeXlwiutG1/W0vLK6tr64WN4ubW9s5uaW//QcWpZOiwWMSy5VGFgkfoaK4FthKJNPQENr3hzcRvPqJUPI7u9ShBN6SDiPucUW2kbocFyIZZMO6eVvyTXqlsV+0pyCKp5aQMORq90lenH7M0xEgzQZVq1+xEuxmVmjOB42InVZhQNqQDbBsa0RCVm02vHpNjo/SJH0tTkSZT9fdERkOlRqFnOkOqAzXvTcT/vHaq/Us341GSaozYbJGfCqJjMomA9LlEpsXIEMokN7cSFlBJmTZBFU0ItfmXF4lzVr2q2nfn5fp1nkYBDuEIKlCDC6jDLTTAAQYSnuEV3qwn68V6tz5mrUtWPnMAf2B9/gAncZHS</latexit><latexit sha1_base64="7B98Z1Kk4X4weXST7FKgxNYZBas=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBCih7ARQb0FvXiM4JpAsgmzk97skNkHM7NKWPIfXjyoePVjvPk3TpI9aGJBQ1HVTXeXlwiutG1/W0vLK6tr64WN4ubW9s5uaW//QcWpZOiwWMSy5VGFgkfoaK4FthKJNPQENr3hzcRvPqJUPI7u9ShBN6SDiPucUW2kbocFyIZZMO6eVvyTXqlsV+0pyCKp5aQMORq90lenH7M0xEgzQZVq1+xEuxmVmjOB42InVZhQNqQDbBsa0RCVm02vHpNjo/SJH0tTkSZT9fdERkOlRqFnOkOqAzXvTcT/vHaq/Us341GSaozYbJGfCqJjMomA9LlEpsXIEMokN7cSFlBJmTZBFU0ItfmXF4lzVr2q2nfn5fp1nkYBDuEIKlCDC6jDLTTAAQYSnuEV3qwn68V6tz5mrUtWPnMAf2B9/gAncZHS</latexit><latexit sha1_base64="7B98Z1Kk4X4weXST7FKgxNYZBas=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBCih7ARQb0FvXiM4JpAsgmzk97skNkHM7NKWPIfXjyoePVjvPk3TpI9aGJBQ1HVTXeXlwiutG1/W0vLK6tr64WN4ubW9s5uaW//QcWpZOiwWMSy5VGFgkfoaK4FthKJNPQENr3hzcRvPqJUPI7u9ShBN6SDiPucUW2kbocFyIZZMO6eVvyTXqlsV+0pyCKp5aQMORq90lenH7M0xEgzQZVq1+xEuxmVmjOB42InVZhQNqQDbBsa0RCVm02vHpNjo/SJH0tTkSZT9fdERkOlRqFnOkOqAzXvTcT/vHaq/Us341GSaozYbJGfCqJjMomA9LlEpsXIEMokN7cSFlBJmTZBFU0ItfmXF4lzVr2q2nfn5fp1nkYBDuEIKlCDC6jDLTTAAQYSnuEV3qwn68V6tz5mrUtWPnMAf2B9/gAncZHS</latexit>

ȟ(f)
<latexit sha1_base64="nivpzM/X05LBqSTC15fO+4dUphc=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBHqpSQiqLeiF48VjC00oWy2k2bpZhN2N0IJ/RtePKh49dd489+4bXPQ1gcDj/dmmJkXZpwp7Tjf1srq2vrGZmWrur2zu7dfOzh8VGkuKXo05anshkQhZwI9zTTHbiaRJCHHTji6nfqdJ5SKpeJBjzMMEjIULGKUaCP5Po2Rjop40ojO+rW603RmsJeJW5I6lGj3a1/+IKV5gkJTTpTquU6mg4JIzSjHSdXPFWaEjsgQe4YKkqAKitnNE/vUKAM7SqUpoe2Z+nuiIIlS4yQ0nQnRsVr0puJ/Xi/X0VVQMJHlGgWdL4pybuvUngZgD5hEqvnYEEIlM7faNCaSUG1iqpoQ3MWXl4l33rxuOvcX9dZNmUYFjuEEGuDCJbTgDtrgAYUMnuEV3qzcerHerY9564pVzhzBH1ifPwZskTY=</latexit><latexit sha1_base64="nivpzM/X05LBqSTC15fO+4dUphc=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBHqpSQiqLeiF48VjC00oWy2k2bpZhN2N0IJ/RtePKh49dd489+4bXPQ1gcDj/dmmJkXZpwp7Tjf1srq2vrGZmWrur2zu7dfOzh8VGkuKXo05anshkQhZwI9zTTHbiaRJCHHTji6nfqdJ5SKpeJBjzMMEjIULGKUaCP5Po2Rjop40ojO+rW603RmsJeJW5I6lGj3a1/+IKV5gkJTTpTquU6mg4JIzSjHSdXPFWaEjsgQe4YKkqAKitnNE/vUKAM7SqUpoe2Z+nuiIIlS4yQ0nQnRsVr0puJ/Xi/X0VVQMJHlGgWdL4pybuvUngZgD5hEqvnYEEIlM7faNCaSUG1iqpoQ3MWXl4l33rxuOvcX9dZNmUYFjuEEGuDCJbTgDtrgAYUMnuEV3qzcerHerY9564pVzhzBH1ifPwZskTY=</latexit><latexit sha1_base64="nivpzM/X05LBqSTC15fO+4dUphc=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBHqpSQiqLeiF48VjC00oWy2k2bpZhN2N0IJ/RtePKh49dd489+4bXPQ1gcDj/dmmJkXZpwp7Tjf1srq2vrGZmWrur2zu7dfOzh8VGkuKXo05anshkQhZwI9zTTHbiaRJCHHTji6nfqdJ5SKpeJBjzMMEjIULGKUaCP5Po2Rjop40ojO+rW603RmsJeJW5I6lGj3a1/+IKV5gkJTTpTquU6mg4JIzSjHSdXPFWaEjsgQe4YKkqAKitnNE/vUKAM7SqUpoe2Z+nuiIIlS4yQ0nQnRsVr0puJ/Xi/X0VVQMJHlGgWdL4pybuvUngZgD5hEqvnYEEIlM7faNCaSUG1iqpoQ3MWXl4l33rxuOvcX9dZNmUYFjuEEGuDCJbTgDtrgAYUMnuEV3qzcerHerY9564pVzhzBH1ifPwZskTY=</latexit>

|ȟ(f)|2
<latexit sha1_base64="whBjn6twXwHZDIjaRfI0LBKyo7k=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcQEL6QQE/VG9OIREyskUMl2mdIN222zuyUhhX/ixYMar/4Ub/4bF+hBwZdM8vLeTGbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjRxWnkoJLYx7Ltk8UcCbA1UxzaCcSSORzaPnD25nfGoFULBYPepyAF5GBYAGjRBupZ9uTLg2BDrNwWgnOJ0/1nl12qs4ceJXUclJGOZo9+6vbj2kagdCUE6U6NSfRXkakZpTDtNRNFSSEDskAOoYKEoHysvnlU3xmlD4OYmlKaDxXf09kJFJqHPmmMyI6VMveTPzP66Q6uPIyJpJUg6CLRUHKsY7xLAbcZxKo5mNDCJXM3IppSCSh2oRVMiHUll9eJW69el117i/KjZs8jSI6QaeogmroEjXQHWoiF1E0Qs/oFb1ZmfVivVsfi9aClc8coz+wPn8AeMOTFw==</latexit><latexit sha1_base64="whBjn6twXwHZDIjaRfI0LBKyo7k=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcQEL6QQE/VG9OIREyskUMl2mdIN222zuyUhhX/ixYMar/4Ub/4bF+hBwZdM8vLeTGbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjRxWnkoJLYx7Ltk8UcCbA1UxzaCcSSORzaPnD25nfGoFULBYPepyAF5GBYAGjRBupZ9uTLg2BDrNwWgnOJ0/1nl12qs4ceJXUclJGOZo9+6vbj2kagdCUE6U6NSfRXkakZpTDtNRNFSSEDskAOoYKEoHysvnlU3xmlD4OYmlKaDxXf09kJFJqHPmmMyI6VMveTPzP66Q6uPIyJpJUg6CLRUHKsY7xLAbcZxKo5mNDCJXM3IppSCSh2oRVMiHUll9eJW69el117i/KjZs8jSI6QaeogmroEjXQHWoiF1E0Qs/oFb1ZmfVivVsfi9aClc8coz+wPn8AeMOTFw==</latexit><latexit sha1_base64="whBjn6twXwHZDIjaRfI0LBKyo7k=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcQEL6QQE/VG9OIREyskUMl2mdIN222zuyUhhX/ixYMar/4Ub/4bF+hBwZdM8vLeTGbm+QlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjRxWnkoJLYx7Ltk8UcCbA1UxzaCcSSORzaPnD25nfGoFULBYPepyAF5GBYAGjRBupZ9uTLg2BDrNwWgnOJ0/1nl12qs4ceJXUclJGOZo9+6vbj2kagdCUE6U6NSfRXkakZpTDtNRNFSSEDskAOoYKEoHysvnlU3xmlD4OYmlKaDxXf09kJFJqHPmmMyI6VMveTPzP66Q6uPIyJpJUg6CLRUHKsY7xLAbcZxKo5mNDCJXM3IppSCSh2oRVMiHUll9eJW69el117i/KjZs8jSI6QaeogmroEjXQHWoiF1E0Qs/oFb1ZmfVivVsfi9aClc8coz+wPn8AeMOTFw==</latexit>
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PSD of more general processes

I For a wide class of processes, the ensemble-averaged power

Px = lim
N→∞

1
2N + 1

E

[
N

∑
n=−N

|Xn|2
]
= lim

N→∞

1
2N + 1

E

[∫ 1/2

−1/2
|X̌N(f )|2df

]
exists.

I In addition, it happens that limN→∞
1

2N+1 E[|X̌N(f )|2] = Px(f ) exists for all f ∈ R

and that Px =
∫ 1/2
−1/2 Px(f )df .

I In this case, we wish to calculate the PSD Px(f ) even though Xn is not WSS.
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Theorem
For sufficiently well-behaved rxx[n, m],

Px(f ) = ∑
m

rxx[m]e−2πfm

where

rxx[m] = lim
N→∞

1
2N + 1

N

∑
n=−N

rxx[n, n−m]

is the time-averaged auto-correlation function.

Corollary

The family of WSC processes has mean function µx[n] periodic with period T and
auto-correlation function rxx[n, n−m] periodic with respect to n with period T for all m. In
this case, the time-averaged auto-correlation function is easily obtained by averaging over one
period:

rxx[m] =
1
T

T−1

∑
n=0

rxx[n, n−m]

Proof: as in the proof of the Wiener-Khintchine Theorem.

Z. Liao (EIC, HUST) PSP VI December 13, 2022 23 / 52



A reminder on continuous-time random processes

I Given a probability space (Ω,F , P) and an interval T ⊂ R, a continuous-time
random process is the collection of random variables {X(ω, t) : t ∈ T } where for
any n and n-tuple of indices t1, . . . , tn ∈ T we have that
(X(·, t1), · · · , X(·, tn)) : Ω→ Rn is a random vector with respect to the given
probability space.

I As usual, we generally neglect the explicit dependence on ω, and write
{X(t) : t ∈ T }, or even just X(t) when T is clear from the context.

I We shall indicate by x(ω, t) a sample path of the process X(t), that is, a particular
realization, or trajectory of the process in correspondence of the abstract random
experiment outcome ω.
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Outline

1 Discrete-time random process and linear systems

2 Continuous-time random processes and linear systems

Z. Liao (EIC, HUST) PSP VI December 13, 2022 25 / 52



Extension of definitions (from dt to ct)

I We have defined and discussed stationarity, cyclostationarity, ergodicity, etc., for
discrete-time random processes

I All what said for discrete-time random processes holds almost verbatim for
continuous-time random processes, with the following replacements:

∑
n
→

∫
dt

dt-Fourier Transform → ct-Fourier Transform

dt-convolution → ct-convolution

dt-frequency domain [−1/2, 1/2] → ct-frequency domain R
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ct-Fourier Transform and convolution

I Transform
x̌(f ) =

∫
T

x(t)e−2πftdt

I Inverse transform

x(t) =
∫ +∞

−∞
x̌(f )e2πftdf

I Convolution
y(t) =

∫
h(τ)x(t− τ)dτ ↔ y̌(f ) = ȟ(f )x̌(f )
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Mean and autocorrelation functions

I Consider the complex proper random process X(t) defined over T = R.
I The mean function µ : T → R is defined as

µ(t) = E[X(t)]

I The (auto)covariance function cxx : T × T → R is defined as

cxx(t1, t2) = Cov(X(t1), X(t2)) = E[X(t1)X∗(t2)]− µ(t1)µ
∗(t2)

I The (auto)correlation function rxx : T × T → R is defined as

rxx(t1, t2) = E[X(t1)X∗(t2)] = cxx(t1, t2) + µ(t1)µ
∗(t2)

I Usually these are referred to as “covariance” and “correlation” functions...
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Wide-Sense Stationarity

Definition
A random process X(t) is called Wide-Sense Stationary (WSS) if its second-order
statistics are invariant with respect to time-shifts τ for any τ ∈ T .
I The mean function of a WSS process X(t) satisfies, for all τ:

E[X(t− τ)] = E[X(t)] ⇒ µ(t) = µ (constant function)

I The autocorrelation function (and covariance function) of a WSS process X(t)
satisfies, for all τ:

E[X(t1 − τ)X∗(t2 − τ)] = E[X(t1)X∗(t2)] ⇒ rxx(t1 − τ, t2 − τ) = rxx(t1, t2)

I Letting τ = t2 we have that rxx(t1, t2) = rxx(t1 − t2, 0), that is the autocorrelation
function depends only on the time difference.

I For WSS processes, with some abuse of notation, we define rxx(τ) = rxx(t, t− τ)
and cxx(τ) = cxx(t, t− τ).
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Wide-Sense Cyclostationarity

Definition
A random process X(t) is called Wide-Sense Cyclostationary (WSC) of period T if its
second-order statistics are periodic functions of period T.

I The mean function of a WSC process X(t) satisfies:

E[X(t− T)] = E[X(t)] ⇒ µ(t− T) = µ(t) (periodic)

I The auto-correlation function (and covariance function) of a WSC process X(t)
satisfies:

E[X(t1 − T)X∗(t2 − T)] = E[X(t1)X∗(t2)] ⇒ rxx(t1 − T, t2 − T) = rxx(t1, t2)

I Letting t1 = t and t2 = t− τ we have that rxx(t, t− τ) = rxx(t− T, t− T− τ) is a
periodic function in the variable t, for any time difference τ.
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Mean-square calculus

I In order to study second-order processes in continuous time we need to develop a
theory for continuity, differentiability, and integrability.

I This allows us to study the effect of continuous-time random processes as input
and output of linear systems (i.e., convoluted with a system impulse response), or
as input/output of system of differential equations.

I We develop tools for the existence of limits in the m.s. sense very similar to what
already done for dt-processes.
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And many other things holds as in the discrete case

I Loeve’s criterion on the existence of the limit of X(t) for t→ ∞ (e.g., in the
mean-square sense) “controlled” by the (existence of the) limit of auto-correlation
function;

I mean-square continuity and uniform mean-square continuity
I mean-square differentiability
I etc.
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Loeve’s criterion

Theorem

Let {X(t) : t ∈ T } be a random process with autocorrelation function r(t1, t2). The limit of
X(t) for t→ ∞ exists in the mean-square sense if and only if limt1,t2→∞ r(t1, t2) = r ∈ R+ (a
constant, independent of how t1, t2 go to infinity). �

Proof: it is analogous to what already done for the discrete-time case.
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Mean-square continuity

Definition
Let X(t) denote a real or complex-valued random process defined over T ⊆ R. We say
that X(t) is continuous in the m.s. sense at t0 if

lim
t→t0

E[|X(t)−X(t0)|2] = 0

or, more explicitly, for all ε > 0 there exist δ(t0, ε) such that

E[|X(t)−X(t0)|2] < ε, ∀ |t− t0| < δ(t0, ε)

Furthermore, if for all t0 ∈ T there exists some δ(t0, ε) = δ(ε) satisfying the above
condition that does not depend on t0, we say that X(t) is uniformly continuous in the
m.s. sense.
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I Stated in terms of the correlation function rxx(t1, t2), the condition for m.s.
continuity yields

rxx(t, t)− rxx(t, t0)− rxx(t0, t) + rxx(t0, t0) < ε, ∀ |t− t0| < δ(t0, ε)

Lemma
X(t) is m.s. continuous at t0 if and only if its auto-correlation function rxx(t1, t2) is
continuous at the point (t0, t0). �

Corollary

If X(t) is WSS, then it is m.s. continuous if and only if rxx(τ) is continuous at τ = 0. Then, a
WSS process X(t) is either uniformly m.s. continuous at all t, or discontinuous at all t.
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Mean-square differentiability

Definition
Let X(t) denote a real or complex-valued random process defined over T ⊆ R. We say
that X(t) is differentiable at t0 ∈ T in the mean-square sense if the sequence of random
variables

Yh =
X(t0 + h)−X(t0)

h
converges in mean-square to some limit Y, as h→ 0. In this case, the limit Ẋ(t0) is the
m.s. derivative of X(t) at t0.

Lemma

X(t) is m.s. differentiable at t0 if and only if ∂2rxx(t1,t2)
∂t1∂t2

exists and it is finite at the point (t0, t0).
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Correlation of a process and its derivative

I Suppose that X(t) is differentiable in the m.s. sense and let Ẋ(t) = d
dt X(t) denote

the derivative process.
I Mean-square differentiability ensures that we can exchange expectation with the

differentiation operation.

µẋ(t) =
d
dt

µx(t)

rẋẋ(t1, t2) =
∂2rxx(t1, t2)

∂t1∂t2

rẋx(t1, t2) =
∂rxx(t1, t2)

∂t1

rxẋ(t1, t2) =
∂rxx(t1, t2)

∂t2
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I When X(t) is WSS, we define the auto-correlation function rxx(t, t− τ) = rxx(τ)

and its derivatives ṙxx(τ) =
d

dτ rxx(τ) and r̈xx(τ) =
d2

dτ2 rxx(τ), and obtain

µẋ(t) =
d
dt

µx = 0

rẋẋ(t1, t2) = −r̈xx(t1 − t2)

rẋx(t1, t2) = ṙxx(t1 − t2)

rxẋ(t1, t2) = −ṙxx(t1 − t2)

I We conclude that X(t) and Ẋ(t) are jointly WSS, and the derivative process has
mean zero and auto-covariance function −r̈xx(τ).
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Riemann integration of random processes

I The Riemann integral of X(t) over [a, b] is defined as the limit:

S[a, b] =
∫ b

a
X(t)dt = lim

m→∞

m

∑
i=1

X(t′i)(ti+1 − ti)

where Tm = {t0, t1, . . . , tm} is a grid of non-decreasing indices such that t0 = a and
tm = b, T ′m = {t′1, . . . , t′m} is a sequence of indices such that ti−1 ≤ t′i < ti for all i,
and for all sufficiently large m, Tm satisfies

max
1≤i≤m

|ti − ti−1| ≤ δm (∗)

where δm → 0 as m→ ∞.
I The limit with respect to m is a short-hand notation to indicate the limit along any

sequence of sets Tm, T ′m, satisfying the above conditions, and the limit must exist
and be the same irrespectively of the sequence of sets, as long as condition (∗) is
satisfied.
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I When the integrand function is a random process, we have to specify in which
sense the sequence of RVs Sm = ∑m

i=1 X(t′i)(ti+1 − ti) converges.
I We use Loeve’s criterion: E[SmS∗n] must converge to some real limit for m, n→ ∞

irrespectively of the path.
I We have

E [SmS∗n] =
m

∑
i=1

n

∑
j=1

rxx(t′i , s′j)(ti+1 − ti)(sj+1 − sj)

I Taking the limit for m, n→ ∞ we arrive at the necessary and sufficient condition:
the Riemann integral

∫ b
a X(t)dt exists in the m.s. sense if and only if∫ b

a

∫ b

a
rxx(t, s)dtds < ∞
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Continuous-time processes and LTI systems

I The output of an LTI system with impulse response h(t) is written as

y(t) =
∫

h(τ)x(t− τ)dτ

I When the input is a random process X(t), then the output exists in a mean-square
sense if the convolution integral

Y(t) =
∫

h(τ)X(t− τ)dτ

exists in the m.s. sense, that is, the process Zt(τ) = h(τ)X(t− τ) must be
integrable in the m.s. sense for all t.

I Using the necessary and sufficient condition seen before (and restricting to
well-behaved processes and systems for which Riemann integration applies), we
have the necessary and sufficient condition∫ ∫

h(τ)h(τ′)rxx(t− τ, t− τ′)dτdτ′ < ∞

for every t ∈ T .
I If X(t) is WSS we have rxx(t− τ, t− τ′) = rxx(τ′ − τ), therefore the condition

becomes ∫ ∫
h(τ)h(τ′)rxx(τ

′ − τ)dτdτ′ < ∞
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Existence of the WSS output

Lemma
The output Y(t) to the LTI system with impulse response h(τ) and WSS input X(t) exists in
the m.s. sense if the system is BIBO-stable.

Proof: We can write∫ ∫
h(τ)h(τ′)rxx(τ

′ − τ)dτdτ′ ≤
∫ ∫

|h(τ)h(τ′)||rxx(τ
′ − τ)|dτdτ′

≤ rxx(0)
(∫
|h(τ)|dτ

)2

where |rxx(τ′ − τ)| ≤ rxx(0) follows from the Cauchy-Schwartz inequality. If the
system is BIBO-stable, then its impulse response is absolutely integrable.
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Input-output second-order statistics

I Consider a WSS input X to an LTI BIBO-stable system with impulse response h(τ),
and let Y(t) =

∫
h(τ)X(t− τ)dτ denote the output.

I Mean function of the output:

µy =
∫

h(τ)µxdτ = µx

∫
h(τ)dτ

I Auto-correlation function of the output

ryy(t1 − t2) =
∫ ∫

h(t1 − t′)rxx(t′ − t′′)h∗(t2 − t′′)dt′dt′′ =

=
∫ ∫

h(τ′)rxx(t1 − t2 − τ′ + τ′′)h∗(τ′′)dτ′dτ′′
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I Output-input cross-correlation function

ryx(t1 − t2) =
∫

h(t1 − t′)rxx(t′ − t2)dt′ =
∫

h(τ)rxx(t1 − t2 − τ)dτ

I Input-output cross-correlation function (using the fact that rxy(t1, t2) = ryx(t2, t1))

rxy(t1 − t2) =
∫

h∗(t2 − t′)rxx(t′ − t1)dt′ =
∫

h∗(−τ)rxx(t1 − t2 − τ)dτ

I Written in a more compact way, we have

ryy(τ) = h(τ)⊗ h∗(−τ)⊗ rxx(τ)

ryx(τ) = h(τ)⊗ rxx(τ)

rxy(τ) = h∗(−τ)⊗ rxx(τ)

I Notice: these are completely analogous to the discrete-time case.
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Power spectral density

I The Fourier transform of the truncated process {X(t) : t ∈ [−T/2, T/2]} is

X̌T(f ) =
∫

XT(f )e−2πftdt =
∫ T/2

−T/2
X(t)e−2πftdt

I The power of X(t) is defined as

Px = lim
T→∞

1
T

E

[∫ T/2

−T/2
|X(t)|2dt

]
= lim

T→∞

1
T

E

[∫ ∣∣X̌T(f )
∣∣2 df

]
when this limit exists.

I Assuming that we can exchange limit and integration, we define the power
spectral density (PSD) of X(t) as

Px(f ) = lim
T→∞

1
T

E
[∣∣X̌T(f )

∣∣2]
I It follows that, if the PSD exists (exchanging limit with integration is valid), then

the signal power is given by

Px =
∫

Px(f )df

Z. Liao (EIC, HUST) PSP VI December 13, 2022 45 / 52



Wiener-Khintchine Theorem: continuous time

Theorem
If X(t) is WSS with absolutely integrable auto-correlation function rxx(τ), then

Px(f ) =
∫

rxx(τ)e−2πf τdτ

�

Proof: as in the discrete setting with a change of variable, skipped here.
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Cross-Spectrum and output PSD

I A simple corollary of the Wiener-Khintchine theorem concerns the case of jointly
WSS processes X(t) and Y(t) with absolutely integrable cross-correlation function
rxy(τ) = E[X(t + τ)Y∗(t)].

I In this case, we can define the cross-spectrum as the Fourier transform

Pxy(f ) =
∫

rxy(τ)e−2πf τdτ

I When X and Y are the input and output of a stable LTI system with transfer
function ȟ(f ), we have

Pxy(f ) = ȟ∗(f )Px(f ), Pyx(f ) = ȟ(f )Px(f )

and
Py(f ) = |ȟ(f )|2Px(f )
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PSD of more general processes

I For a wide class of processes, the time-average power

Px = lim
T→∞

1
T

E

[∫ T/2

−T/2
|X(t)|2dt

]
= lim

T→∞

1
T

E

[∫ ∞

−∞
|X̌T(f )|2df

]
exists.

I In addition, it happens that limT→∞
1
T E[|X̌T(f )|2] = Px(f ) exists for all f ∈ R and

that Px =
∫

Px(f )df .
I In this case, we wish to calculate the PSD Px(f ) even though X(t) is not WSS.

Z. Liao (EIC, HUST) PSP VI December 13, 2022 48 / 52



Theorem
For sufficiently well-behaved rxx(t1, t2),

Px(f ) =
∫

rxx(τ)e−2πf τdτ

where

rxx(τ) = lim
T→∞

1
T

∫ T/2

−T/2
rxx(τ + θ, θ)dθ

is the time-averaged auto-correlation function.

Corollary

The family of WSC processes has mean function mx(t) periodic with period T and
auto-correlation function rxx(t + τ, t) periodic with respect to t with period T for all τ. In this
case, the time-averaged auto-correlation function is easily obtained by averaging over one
period:

rxx(τ) =
1
T

∫ T

0
rxx(τ + θ, θ)dθ

Z. Liao (EIC, HUST) PSP VI December 13, 2022 49 / 52



From ct to dt: Shannon sampling theorem

Theorem
Let x(t) be a function with Fourier transform x̌(f ) with support strictly inside the interval
[−B/2, B/2]. Then, the following equality holds pointwise

x(t) =
∞

∑
n=−∞

x(n/B) sinc(B(t− n/B))

Notice: The set of functions ψn(t) =
√

B sinc(B(t− n/B)) for n ∈ Z forms an
orthonormal basis. This is a complete basis for the set of functions with bandwidth
strictly limited in [−B/2, B/2].
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Sampling of band-limited processes

Theorem
Let X(t) be a ct WSS process with PSD Px(f ), with support strictly inside the interval
[−B/2, B/2] (strictly band-limited WSS process). Then, the following equality holds in the
m.s. sense

X(t) =
∞

∑
n=−∞

X(n/B) sinc(B(t− n/B))

Notice: This theorem says that band-limited continuous-time processes can be
essentially identified with discrete-time processes, obtained by sampling at an
appropriate rate B samples per unit time.
It follows that almost all processes relevant in system-theory problems with finite
bandwidth can be safely studied by looking at their discrete-time equivalent.
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Thank you!

Thank you! Q & A?
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